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The Proje
t

• Lay out a general framework for 
al
ulating 
osmologi
al observables in a given inhomo-

geneous model

• Integrate down PNC of arbitrarily pla
ed observer in given spa
etime

• Propagate observer's 
oordinates by Lie dragging

• Convert null geodesi
 eq & geodesi
 deviation eq to numeri
al form

• Cal
ulate redshift, proper motions, diameter distan
e, (image distortion, et
)

• Apply to Szekeres Metri
 and test � Tony

• Explore various Szekeres models and their observational patterns � in pro
ess.



Motivation

• Generate expe
ted observations for a proposed inhomogneity & 
ompare.

• Explore observational e�e
ts of other geometries & topologies.

• Exa
t solution methods valid where other methods aren't

[strong variation, �nite lightspeed, et
℄

• Complement & 
he
k other methods.

• Future: Do inverse: Cal
ulate metri
 from obs for more general models than LT

`Metri
 of the Cosmos'

• Generate test data for a Metri
 of the Cosmos s
heme.
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Light Paths Don't Repeat
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− For �ow, need 
hange in apparent position.

− Intervening spa
etime has 
hanged.

− How do you �nd the light ray from the same emitter at a later time?

− Numeri
al trial & error? Burdensome. Try to avoid this.

• Solution Use geodesi
 deviation eq to get instantaneous rates of 
hange at initial time;

repeat for ea
h su

essive time.



Observer's Past Null Basis � Setup

Observer

ϑ

ϕ

Angular position observed

Emitter

• Observer uses angle on sky + time of observation

• Set up observer's 
oordinates in general inhomogeneous model



Observer's Past Null Basis � De�ne

• Metri
 & 
oords (general): gab , xc
,

• Observer position (arbitrary): xc|o ,

• Orthonormal basis at obs: ei

∣

∣

o
=

[

ei
a ∂a

]

o
, (mark with overbar)

• Spheri
al basis at obs: (mark with tilde)

ẽτ̃ = e0

ẽr̃ = sin ϑ̃ cos ϕ̃ e1 + sin ϑ̃ sin ϕ̃ e2 + cos ϑ̃ e3

ẽϑ̃ = r̃ cos ϑ̃ cos ϕ̃ e1 + r̃ cos ϑ̃ sin ϕ̃ e2 − r̃ sin ϑ̃ e3

ẽϕ̃ = −r̃ sin ϑ̃ sin ϕ̃ e1 + r̃ sin ϑ̃ cos ϕ̃ e2 ,



• Convert to past-null spheri
al basis at obs: (mark with hat)

τ̂ = r̃ + τ̃ , χ̂ = r̃ ↔ τ̃ = τ̂ − χ̂ , r̃ = χ̂ ,

→ êτ̂ = ẽτ̃ = e0

êχ̂ = −ẽτ̃ + ẽr̃ = −e0 + sin ϑ̂ cos ϕ̂ e1 + sin ϑ̂ sin ϕ̂ e2 + cos ϑ̂ e3

êϑ̂ = ẽϑ̃ = χ̂ cos ϑ̂ cos ϕ̂ e1 + χ̂ cos ϑ̂ sin ϕ̂ e2 − χ̂ sin ϑ̂ e3

êϕ̂ = ẽϕ̃ = −χ̂ sin ϑ̂ sin ϕ̂ e1 + χ̂ sin ϑ̂ cos ϕ̂ e2 ,

• Propagate these down the observer's PNC.



Propagation S
heme

• A�ne distan
e χ down ea
h in
oming light ray

• Keep ϑ̂, ϕ̂ 
onst along ea
h light ray

i.e. Lie drag 
oords & basis down in
oming null geodesi
s.

• Exa
tly the set-up for geodesi
 deviation eq to hold.
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êτ̂

ê
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Propagation Equations

• Geodesi
 Eq � light ray paths

δka

δχ̂
= 0 (good for tensor 
al
s)

dka

dχ̂
= −kbΓa

bck
c , kaka = 0 ,

dxa

dχ
= ka

(good for numeri
s)

• Geodesi
 Deviation Eq � past-null-obs basis propagation

δ2êα
a

δχ̂2
= −Ra

bcd k
b êα

c kd
(good for tensor 
al
s)

d2êα
a

dχ̂2
= −kb

(

2Γa
bc

dêα
c

dχ̂
+ êα

ckdΓa
db,c

)

(good for numeri
s)

êα ≡ { êτ , êχ̂ = k , êϑ̂ , êϕ̂ }



• Propagated (τ̂ , χ̂, ϑ̂, ϕ̂) is a 
oord system

• Propagated êα is 
oord basis � provide transformation between metri
 and observer's


oordinates,

êαc = ec
α =

∂x̂α

∂xc
, ecα = êα

c =
∂xc

∂x̂α
.

• What we a
tually need (later) is not êα
a
but its inverse êαa.



Propagation � Initial Conditions

Geodesi
 Eq

• In orthonormal frame, initial kα = (−1, 1, 0, 0), i.e.

|kbubu
a|o = 1 = |ka(δca + ucua)|o

Geodesi
 Deviation Eq

• êτ̂ |o = uo

• Take χ̂ → 0 limits of êα near-observer expressions

• Fermi-propagate k along u|o

δka

δτ

∣

∣

∣

∣

∣

χ̂=0

=
[

ub
o∇bk

a − kba
b
ou

a
o + kbu

b
oa

a
o

]

χ̂=0

= 0

and use

δka

δτ̂

∣

∣

∣

∣

∣

χ̂=0

=
δêτ̂

a

δχ̂

∣

∣

∣

∣

∣

χ̂=0

→
dêτ̂

a

dχ̂

∣

∣

∣

∣

∣

o

• Take ϑ̂ & ϕ̂ derivatives of near-observer êχ̂ = k and use e.g.

δka

δϑ̂

∣

∣

∣

∣

∣

χ̂=0

=
δêϑ̂

a

δχ̂
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Observables - Redshift & Proper Motion

• Rate of 
hange of observed angle with respe
t to observer time

dx̃m

dτ̃

∣

∣

∣

∣

o

=

[

∂x̃m

∂x̂β

dx̂β

dτ̂

dτ̂

dτ̃

]

o

=

[

êβ
mdx̂β

dτ̂

]

o

where

[

dx̂β

dτ̂

]

o

=

[

dx̂β

dτ̂

]

e

=

[

∂x̂β

∂xa

dxa

dτe

dτe
dτ̂

]

e

=

[

êβau
a
]

e

(1 + z)

τe = the sour
e proper time,

τ̃o = observer's proper time,

τ̂ = its extension down the PNC.



• Hen
e we get redshift

1 =
dτ̂

dτ̂

∣

∣

∣

∣

o

=

[

êτ̂ au
a
]

e

(1 + z)
→ 1 + z =

[

êτ̂ au
a
]

e

and observed proper motions

dϑ̃

dτ̃

∣

∣

∣

∣

∣

o

=

[

êϑ̂au
a
]

e

(1 + z)

dϕ̃

dτ̃

∣

∣

∣

∣

o

=

[

êϕ̂au
a
]

e

(1 + z)
.

• Note dual basis ve
tors ê
α
a
tually what's needed.

Tra
king sour
es

• On
e we have

dϑ̃

dτ̃

∣

∣

∣

∣

∣

o

&

dϕ̃

dτ̃

∣

∣

∣

∣

o

, we 
an estimate ϑ̂ & ϕ̂ to use for next τ value.



Viewing Plane

• Split ray dire
tion into ta along lo
al matter �ow & va ⊥ to it

3-surfa
e orthogonal to va

3-surfa
e orthogonal to t̂a

2-surfa
e orthogonal to both va & t̂b

ray

t̂a

va

k
a

va =
ka

A
+ t̂a , where A = kct̂

c , A < 0

proj ⊥ t̂a: ha
b = δab + t̂at̂b

proj ⊥ va: jbc = δbc − vbvc

proj ⊥ both: ha
bj

b
c = δac −

kakc

A2
−

(t̂akc + kat̂c)

A



Observables - Area Distan
e

eϕ̂ dϕ̂

eϑ̂ dϑ̂
light rays

physi
al area: dAϑ̂ϕ̂ =
∣

∣(êϑ̂ dϑ̂) ∧ (êϕ̂ dϑ̂)
∣

∣

proje
ted area: dA⊥ =
∣

∣ηabcd t
a vb (êϑ̂

c dϑ̂) (êϕ̂
d dϑ̂)

∣

∣

solid angle subtended: dΩ = sin ϑ̂ dϑ̂ dϕ̂

area distan
e: dA =
dA⊥

dΩ

• NOTE: If basis ve
tors êϑ̂, êϕ̂ not ⊥ rays k, then

proje
ted area dA⊥ 6= area spanned by basis ve
tors dAϑ̂ϕ̂

[Tony 
urrently 
he
king this℄



Flow Magnitude

proper motion ≈
physi
al transverse velo
ity

area distan
e

Area distan
e has a maximum → angluar size has a minimum

→ proper motion has a minimum



Apply to Szekeres Metri


ds2 = −dt2 +

(

R′ − RE′

E

)2

dr2

ǫ+ f
+R2

(dp2 + dq2)

E2

• E = E(r, p, q) � dipole fun
tion

• ǫ = +1, 0,−1 � foliation type (spheres, planes, hyperboloids)

• Evolution fun
tion R(t, r) same as for LT.

• 6 arbitrary fun
tions of r (f , M , a, S, P , Q)

− f = lo
al geometry/energy fun
tion

− M = gravitational mass within 
omoving sphere at r

− a = lo
al time of bang

− (S, P , Q) 
ontrol non-symmetry - strength & orientation of the �dipole"

• No Killing ve
tors

• Very interesting metri
, not well explored



Numeri
al Implementation with Szekeres

(Tony Walters)

• Spe
ify Observer position (t, r, p, q)

• Spe
ify Arbitrary Fun
tions:

− �LT fun
tions": f , M , a

− �Szekeres fun
tions": S, P , Q whi
h 
hara
terise deviation from G3 symmetry

− 1st & 2nd derivatives

• Cal
ulate R(t, r) & E(r, p, q) up to 3rd partial derivatives

in terms of arbitrary fun
tions f , M , a, S, P , Q

• Analyti
ally 
al
ulate and simplify

Christo�el Symbols (30 non-zero)

& partial derivatives (104)

Express in terms of R & f & E & derivatives

• Analyti
 simpli�
ation greatly redu
es numeri
al 
an
ellation error



10 Pages of Maple/GRTensor output:



• For ea
h view dire
tion, numeri
ally integrate down an in
oming light ray:

− null geodesi
 equation for ka

− geodesi
 deviation equations for the êβ
b

− êϕ̂ is divided by sin ϑ̂ to remove problems at the poles

− 40 initial 
onditions

− integration is relative to a�ne parameter χ

• Choose a set of z values for mapping the data

• To get data for the same redshift z on all rays, interpolate on ea
h ray

• At ea
h z, invert the basis, and 
al
ulate the observables

• Produ
e sky maps for ea
h z



Testing

• ka
should stay null

• ka
& êχ̂

a
should 
oin
ide

• FLRW spe
ial 
ase of Szekeres � should mat
h dire
t 
al
ulations from FLRW formulas

• Szekeres-
oords FLRW 
ase � should still mat
h FLRW results

• LT 
ase � should be axially symmetri
 about dire
tion from observer to LT 
entre

• All tests passed within set toleran
es.



A Sample Model

M =
r3(M0 +M∞C5r)

1 + C5r
, M0 = 10,M∞ = 20, C5 = 2

f =
r2(f0 + f∞C6r)

1 + C6r
, f0 = 1, f∞ = 3, C6 = 1.6

a =
a0 + a∞C7r

2

1 + C7r2
, a0 = −1, a∞ = −2, C7 = 1.8

ǫ = +1

S =
S0 + S∞C1r

1 + C1r
, S0 = 1, S∞ = 9, C1 = 2.1

P =
P0 + P∞C1r

1 + C1r
, P0 = 0, P∞ = 4

Q =
Q0 +Q∞C1r

1 + C1r
, Q0 = 0, Q∞ = −2

No attempt here to model a realisti
 stru
ture



Sample Run #3a � Past Null Cone Ray Lo
i in (t, r)

r
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Observer: 
ir
le at (t, r) ≈ (0.86, 1)
Coloured lines: light rays arriving from di�erent dire
tions

Bla
k horizontal lines: surfa
es of 
onstant redshift

Thi
k bla
k line: bang at t = 0 = tb



Sample Run #3a � Line of Sight Density
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Top: density along ea
h line of sight

Bottom: Ray density relative to 
hosen referen
e ray

Ref ray is dire
ted away from inhomogeneity features & is roughly ba
kground



Sample Run #3a � Area Distan
e vs Redshift

z
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Top: area distan
e vs. redshift along various in
oming rays

Bottom: di�eren
e between ea
h ray and the referen
e ray



Sample Run #3a � Proper Motion vs Redshift
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Top: proper motion � ϑ̂ 
omponent

Bottom: Proper motion � ϕ̂ 
omponent

Flow rates ∼ 1.5 ar
se
onds/yr, up to 10s of ar
se
s/yr



Sample Run #3a � Area Distan
e Map
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Top: area distan
e over the observer's sky at z = 0.3
Bottom: same at z = 0.7.



Sample Run #3a � Flow Map
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Top: proper motion over the observer's sky at z = 0.3
Bottom: same at z = 0.7



Dis
ussion

• Algorithm for 
al
ulating observational features for a given observer in a given model

• Fa
ilitates exploring models and what they'd look like

• Try out interesting geometries

• Instantaneous angular �ow rates greatly assist in lo
ating ray dire
tions to

same sour
es at later times

• Important 
omplement to the Metri
 of the Cosmos Proje
t

� enables generation of very realisti
 fake data for testing

• Applied to Szekeres model; Matlab 
ode developed & thoroughly tested

• Works for quasi-hyperboloidal & quasi-planar as well as quasi-spheri
al Szekeres models

(all ǫ values)

• In pro
ess of 
reating a variety of Szekeres models



Dzi�kuj�


