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The Project

e Lay out a general framework for calculating cosmological observables in a given inhomo-
geneous model

e Integrate down PNC of arbitrarily placed observer in given spacetime
e Propagate observer’s coordinates by Lie dragging
e Convert null geodesic eq & geodesic deviation eq to numerical form

e Calculate redshift, proper motions, diameter distance, (image distortion, etc)

e Apply to Szekeres Metric and test — Tony

e Explore various Szekeres models and their observational patterns — in process.



Motivation

e Generate expected observations for a proposed inhomogneity & compare.
e Explore observational effects of other geometries & topologies.

e Exact solution methods valid where other methods aren’t
[strong variation, finite lightspeed, etc]

e Complement & check other methods.

e Future: Do inverse: Calculate metric from obs for more general models than LT
‘Metric of the Cosmos'’

o Generate test data for a Metric of the Cosmos scheme.



Tully et al, Nature, 513, n 7516, p 71, 2014
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Light Paths Don’'t Repeat
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— For flow, need change in apparent position.

— Intervening spacetime has changed.

— How do you find the light ray from the same emitter at a later time?
— Numerical trial & error? Burdensome. Try to avoid this.

e Solution Use geodesic deviation eq to get instantaneous rates of change at initial time;
repeat for each successive time.



Observer’s Past Null Basis — Setup

e Observer uses angle on sky + time of observation

e Set up observer’s coordinates in general inhomogeneous model

Angular position observed

N

Observer



Observer’s Past Null Basis — Define

e Metric & coords (general): Jab x¢
e Observer position (arbitrary): o
e Orthonormal basis at obs: el =[e"0.), . (mark with overbar)
e Spherical basis at obs: (mark with tilde)
& = e
e = sin@cosgbél + sin@sin@ég + cos 1?}63

j=Trcostcospe +rcosvsinpe, —7sinve;

= —rsindsinpe; + rsinvcospe,



e Convert to past-null spherical basis at obs: (mark with hat)

T=T4+7T, X=T > T=T—X, T=X,
— é;—:éf—:éo
e, = —€; +e& = —€)+sinvcospe; +sinvsinpe, + cosves

€y =¢€5=xcostUcospe; + ycostsinpe, — xsinve;

e; =e; = —xsindsinpe, + xsindcospe;,

e Propagate these down the observer's PNC.



Propagation Scheme

e Affine distance x down each incoming light ray

e Keep 9, ¢ const along each light ray
i.e. Lie drag coords & basis down incoming null geodesics.

e Exactly the set-up for geodesic deviation eq to hold.
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Incoming light rays

Emitter’s worldline

Observer’s worldline



Propagation Equations

e Geodesic Eq — light ray paths

Sk®
T 0 (good for tensor calcs)
(Z; = —kT% .k, k%, =0, (3;;( = k° (good for numerics)

e Geodesic Deviation Eq — past-null-obs basis propagation

62 Aaa

% = —R%.q kb &,° k? (good for tensor calcs)
X

d?é,® dé.c . :

d‘: = —kb (QI‘“bC (? + eacdeadb7c> (good for numerics)
X X

A A

€. = {e&, =k, &, e}



e Propagated (%,)2,19,4,5) is a coord system

e Propagated €&, is coord basis — provide transformation between metric and observer’s
coordinates,

ozr”
o Oxc

C
. Ox

@ = gpa

c

¢ = €¢ €aq=2EC

e What we actually need (later) is not é,“ but its inverse é%,,.



Propagation — Initial Conditions

Geodesic Eq

e In orthonormal frame, initial £

Geodesic Deviation Eq

b é7°|0 = U,

(—1,1,0,0), i.e.
]kbubua\o = 1=k + uua)lo

e Take x — 0 limits of &, near-observer expressions
e Fermi-propagate k along u|,
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and use

x=0

x=0

[ugvbka — kyalul + kbugag] =0
x=0
dez* . de;*
OX dx
x=0 o

e Take ¥ & ¢ derivatives of near-observer é; =k and use e.g.
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Observables - Redshift & Proper Motion

e Rate of change of observed angle with respect to observer time

dzm|  [oimdifdr] [, ,,dif

d7 |, = | 048 d7 ar), |7 @7 |,

di? di? 93? da® dr, [&%u]
where —| = |—| = el =1 2" e

dar |, dr |, Oze dr, d7 |,  (1+42)

7. = the source proper time,
7, = observer’s proper time,
7 = its extension down the PNC.



e Hence we get redshift

_ dr _ [éi—aua]e a7 ,,a
1—d7ﬁo—m — 1+Z—[€au]e
and observed proper motions
ai| ],
d7|  (1+2)
dg| _ [Eau],
7|, (1+2)

e Note dual basis vectors €* actually what's needed.

Tracking sources

dd
e Once we have —

dg
g ¥
dr

45| v wecan estimate U & ¢ to use for next 7 value.
7

o
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Viewing Plane

e Split ray direction into t* along local matter flow & v* L to it

v ray

A

proj L £%:
proj L v

proj L both:

3-surface orthogonal to v®

2-surface orthogonal to both v® & t°

| 3-surface orthogonal to ¢°

@ = 4 where A = k¢,
v 1 +1,
hy = & + 11,
§b =60 — vhu,
kok,  (t°%k, + k°f,
gt = g Dk (et K
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Observables - Area Distance
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physical area: dA;, =

(&5 d0) A (&5 dD)]
projected area: dA, = ‘Uabcd K (€;° d@) (é¢d d@)]
solid angle subtended: dQ = sinJ dd d¢

dA,

area distance: dy = o

e NOTE: If basis vectors &;, €5 not L rays k, then

projected area dA | # area spanned by basis vectors dA;,
[Tony currently checking this]



Flow Magnitude

physical transverse velocity

proper motion ~ .
area distance

Area distance has a maximum —  angluar size has a minimum

—  proper motion has a minimum



Apply to Szekeres Metric

R —BEN 4r? (dp® + dg?)
d 2 _ —dt2 ( E R2

s + +f + 2
e F=FE(r,p,q) —  dipole function
e ¢=+1,0,—1 — foliation type (spheres, planes, hyperboloids)
e Evolution function R(t,r) same as for LT.

6 arbitrary functions of r (f, M, a, S, P,Q)
— f = local geometry/energy function
— M = gravitational mass within comoving sphere at r
— a = local time of bang
— (S, P, Q) control non-symmetry - strength & orientation of the “dipole"

No Killing vectors

Very interesting metric, not well explored



Numerical Implementation with Szekeres
(Tony Walters)

e Specify Observer position (¢, 7, p, q)

e Specify Arbitrary Functions:
— “LT functions": f, M, a
— “Szekeres functions": S, P, @) which characterise deviation from G3 symmetry
— 1st & 2nd derivatives

e Calculate R(t,r) & E(r,p,q) up to 3rd partial derivatives
in terms of arbitrary functions f, M, a, S, P, )

e Analytically calculate and simplify
Christoffel Symbols (30 non-zero)
& partial derivatives (104)
Express in terms of R & f & F & derivatives

e Analytic simplification greatly reduces numerical cancellation error
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For each view direction, numerically integrate down an incoming light ray:
— null geodesic equation for k®
— geodesic deviation equations for the é°

— &, is divided by sin1) to remove problems at the poles
— 40 initial conditions
— integration is relative to affine parameter y

Choose a set of z values for mapping the data
To get data for the same redshift z on all rays, interpolate on each ray
At each z, invert the basis, and calculate the observables

Produce sky maps for each z



Testing

e L% should stay null

o k% & éy* should coincide

e FLRW special case of Szekeres — should match direct calculations from FLRW formulas
e Szekeres-coords FLRW case — should still match FLRW results

e LT case — should be axially symmetric about direction from observer to LT centre

e All tests passed within set tolerances.



A Sample Model

M= r3(My + M, Csr)

5 MO:10,M00220,C5:2

1+ Csr
f = 7’2(@12?7?67’) . fo=1,fr=3Cs=16
a:%, ag = —1,00 = —2,C7 =1.8
€e=+1
Qz%&fﬁ, Qo =0,Q0 = —2

No attempt here to model a realistic structure



Sample Run #3a — Past Null Cone Ray Loci in (¢,r)
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Observer: circle at (¢,7) ~ (0.86,1)

Coloured lines: light rays arriving from different directions
Black horizontal lines: surfaces of constant redshift
Thick black line: bang att =0=1t,



Sample Run #3a — Line of Sight Density
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Top: density along each line of sight
Bottom: Ray density relative to chosen reference ray
Ref ray is directed away from inhomogeneity features & is roughly background



Sample Run #3a — Area Distance vs Redshift
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Top: area distance vs. redshift along various incoming rays
Bottom: difference between each ray and the reference ray



Sample Run #3a — Proper Motion vs Redshift
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Top: proper motion — 0] component
Bottom: Proper motion — ¢ component
Flow rates ~ 1.5 arcseconds/yr, up to 10s of arcsecs/yr



Sample Run #3a — Area Distance Map
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Top: area distance over the observer's sky at z = 0.3
Bottom: same at z = 0.7.



z=1.00

Sample Run #3a — Flow Map
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Discussion

e Algorithm for calculating observational features for a given observer in a given model
e Facilitates exploring models and what they'd look like
e Try out interesting geometries

e Instantaneous angular flow rates greatly assist in locating ray directions to
same sources at later times

e Important complement to the Metric of the Cosmos Project
— enables generation of very realistic fake data for testing

e Applied to Szekeres model; Matlab code developed & thoroughly tested

e Works for quasi-hyperboloidal & quasi-planar as well as quasi-spherical Szekeres models
(all € values)

e In process of creating a variety of Szekeres models
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