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In practice: peculiar motions, inhomogeneities (lensing, time-
dependent light bending), time-dependent potential wells ...
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Motivation

Feasibility of observations

o E-ELT, CODEX spectrograph (Ly-a forest z drift, after |-2
decades of observations)

® VLT ESPRESSO spectrograph
® SKA -z drift in neutral hydrogen

® Gaia - high accuracy position drift measurements (quasars)

Quercellini et al,“Real time cosmology” Physics Reports 521 (2012) 95-134
Theory
very simplified: Loeb 1998, Balbi, Quercellini 2007, Uzan et al 2008...

exact models: Krasinski 201 |, Krasinski, Bolejko 2012, Quercellini et
al 2009...
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Lack of a general theory u

Sachs formalism (Sachs 1961, Etherington, Trautman, ...),
V. Perlick Living Reviews in Relativity 7 (9) 2004

® Provides z, Dung, Dium and D¥p given a null geodesic

connecting £ and O and geometry in a narrow tube

around it (R*yq43)

® Based on the geodesic deviation equation (GDE)

® Exact (all GR effects, all spacetimes)

® Limitations: geometric optics, narrow beam

® Applications: numerics, gravitational lensing, (weak lensing...)

b
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Drift effects in GR - extending Sachs formalism
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® Based on the geodesic deviation equation (GDE)

® Exact (all GR effects, all spacetimes) f
Xe

® | ocal effects (observer, emitter) vs propagation effects
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Geodesic deviation equation A\ = const
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® null geodesics
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Geometry

Geodesic deviation equation A\ = const
) — L : . o 3
g[é]/l — VPVP§, o R#z/(rﬂ pl/ p l ‘g =0

® null geodesics

p" Pu = 0 fo"' Pu = 0
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Geometry

A\ = const

Geodesic deviation equation
GIE)" = V, Ve — R 50" p" €7 =0

® null geodesics

P'pu=0 V¢ p, =0
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Geometry

Jacobi matrix
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® given by ODFE’s
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Geometry

Jacobi matrix
§1(N) =D p(\) Vp" (Mo)

® given by ODE’s
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® gravitational lensing
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Geometry

Jacobi matrix

&4 (N) = D (N Vit (o)

® given by ODFE’s
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® gravitational lensing

® area, luminosity distances

Dgpg = (p“ u’(‘?) |det DAB ()\g)|
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Geometric setup

® null surface spanned by connecting null geodes

® main tool: observation time vector X*

Q[X]“ = ()
X*(Ao) = “'lcl)

L 1 L Ul
XH(Ag) = T "u.fq £

® can be solved (up to C- p*) using D3

X0O

® Vx gives the drift effects

Vxp* - position drift

.
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Geometry

Geometric setup

® null surface spanned by connecting null geodes

® main tool: observation time vector X*

g XH*=0
X*(Ao) = '“-/cl)
1 u
L - -
XH(Ae) = o e £

® can be solved (up to C- p*) using D3

X0O

® Vx gives the drift effects

Vxpt - position drift
Vx (puut) - redshift drift f

XE
Vx D4p - distances drift
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Drift effects

Position drift
® parallel propagation of iy,

® inhomogeneous (perpendicular) GDE
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A
V,m%(Ap) = 0

¥
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Drift effects

Position drift
® parallel propagation of iy,

® inhomogeneous (perpendicular) GDE

G [m]’1 — RA vad p” p“ -&."g)
mi\o) = 0
V,,IN,A(/\O) = 0
® result
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Drift effects

Position drift
® parallel propagation of iy,

® inhomogeneous (perpendicular) GDE
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® parallel propagation of iy,

® inhomogeneous (perpendicular) GDE
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Drift effects

Position drift

® parallel propagation of iy,

® inhomogeneous (perpendicular) GDE
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Drift effects

Position drift

® parallel propagation of iy,

® inhomogeneous (perpendicular) GDE
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Drift effects

Redshift drift

, TN
® parallel propagation of wg, ug

Qx

1 1 1 Ao )
ViIn(l+42) = ok —wh | p, + / Rz, p" Uap" XYdA
xin{l+2) pauz)((<1+:>~’ em o) TRy ), et P T !

DF—H' , \ 1
+ ( re — u."@) ( Ug — u.o)
dr 14z A

~
.
(=

A=Ao

A

CosmoTorunl7 12 M. Korzynski, “Drift effects in cosmology”



Drift effects

Redshift drift line-of-sight

4_acceleration difference

~ J
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Drift effects

Redshift drift line-of-sight

integral of Riemann

4_acceleration difference

" apr ~08
® parallel propagation of g, g
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Drift effects

Redshift drift line-of-sight

integral of Riemann

4_acceleration difference
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Drift effects

Redshift drift line-of-sight
4-acceleration difference

integral of Riemann

" A ~ 3
® parallel propagation of g, g
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transversal 4-velocity difference,
Jacobi matrix
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Drift effects

Jacobi matrix drift

® need to differentiate the GDE

Q[{]"’ — vapfﬂ o R;I.U()ﬂ pu p(x 6,3 — 0

A
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Drift effects

Jacobi matrix drift

® need to differentiate the GDE

Vx g[§]/1 = VPVPSN o Rﬂ‘wx,{'}’ pl/ p(x 5'3 =0

.
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Drift effects

Jacobi matrix drift

® need to differentiate the GDE

VX g[élll - vapf“ - Rl'tunﬂ pl/ p(x' 63 = 0

® inhomogeneous GDE

A
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Drift effects

Jacobi matrix drift

® need to differentiate the GDE

Vx g[§]/1 = VPVPSN o Rﬂ‘wx,{'}’ pl/ p(x 5'3 =0

® inhomogeneous GDE

VpVy (Vx€) — R* 5, 0 PP VX = MF, &+ NF, V8"

A
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Drift effects

Jacobi matrix drift

® need to differentiate the GDE

Vx| Gl =V, Vet — R0 pt €7 =0

® inhomogeneous GDE

ViV (Vx€) = R, 0" 0P VX€ = MV, €+ N¥, V€

MF, = —V,R',  p* XPp" + VR, X*p’ p” + 2R"

NE - = —2RH _XPp°

vpo

V,X o

vpo P Bro

.
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Drift effects

Jacobi matrix drift

A

CosmoTorunl7 14 M. Korzynski, “Drift effects in cosmology”



Drift effects

Jacobi matrix drift

® vectors f,} f," giving Dz
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Drift effects

Jacobi matrix drift
® vectors f,} f," giving Dz
VI)VPfA - Ruaﬁu pa p'ﬁ f4 =0

fﬁ-g“ ()‘O) = 0

<

Vi l, "(Ao) = ‘3‘4”

® derivatives wrt X#
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+ initial data at O
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Drift effects

Jacobi matrix drift
o vectors f, fy" giving D43

L Iz o 3 %
vPvaA - R afBv p-p f4

fA#()‘O) = 0
vpfAN (Ao) = GA#

|
-

® derivatives wrt X#

o H a3 [ L v 1L vV
VPVP (v\j4 ) - R aBy P 1)J V\ fA = M v fA +'N’u vp-/A

+ initial data at O

VD45 = (Vxfe)* + ¢ (f5)° — V,X2 (fp)

antisymmertic, ng

irrelevant
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Drift effects

Jacobi matrix drift

® vectors f,} f," giving Dz

|
-

VPVPfA - Ru(}'{i’p % “ P i f A g
faf (o) = 0

<

VofaH Qo) = e,

® derivatives wrt X#

- M M ‘ B 7 o .Y r S
vl)v,) (v.\’ q/_.x ) o [? ():;’3’/ 1)(l 1) V.\’ f‘x{ — JM;I!} ‘f"‘ —+_ J\“ ’ll/ vl)c/‘»‘

+ initial data at O

™
PuWe

; 1 %
Pv Up

VxInDgreo = V,XP(Ao)+

+% ((V.\'fB)A (Ae) = (fB)" (Ae) V,)XA(/\g)> D t(\e)?, f
X&E

CosmoTorunl7 14 M. Korzynski, “Drift effects in cosmology”



Drift effects

Jacobi matrix drift
® vectors f,} f," giving Dz

vprfA " - Rua;ﬁ’u p : p'ﬁ f A Y
faf (o) = 0

<

Vi l, "(Ao) = ‘3‘411

|
-

® derivatives wrt X#

- M M ' B 7 - .Y AT 7
vpV’p (v\ /1 ) - R aBy 1)“ P v.\' f; - -’M“u /\ + N ’l;/ vp./‘,\

+ initial data at O

VxInDym = VxInDgeq+ 2Vyx 111(1 + Z)

A
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Drift effects

Remarks
e Vxpt at ¢ gives the viewing angle drift (apparent libration)
® caustics problematic

® dependence on observer’s and emitter’s motion:

04 = 04 (0, &, uby, ult)
2 =2z (0,8 uly, uy)

DA, =D, (0 E upy,up, R ..s)

Darea = Durea (O, €, ule, uft, R,

I)lum - I)lum (C) £, “L) “ ])ﬂ: ).1’)

(l A 1
. Pad [l Il Jl ',l [l
T A = p ((9.¢,. Uy, Ug, Wey, We, R m.,)
i1(1 2)=(1+ 2 ) 0. & - R
5 n(l+2z2) = “U Uy ”U u Yol
(l A S A )
— Ty P LB TR TR TR oY 7 I
(1TD p=D"g (O.é. Uprys Ug s Wy W, R Va8 V R m.,)
d
_ TR T TR TR oY Dl
T In Dyrea = (In Dyyea) (0. £, Uy, Ug , Wy, W, R, .. V.R mm) f
(l XE&
y s~ ;1 1t - T
—In Dy = (In Dy ) (O.b. Uy u LW O we, Y VR m”)

dr
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e Vxpt at ¢ gives the viewing angle drift (apparent libration)
® caustics problematic

® dependence on observer’s and emitter’s motion:
64 =04 (0, €, u‘(‘,/()
:::((’)f Uy, U )

D“U - O &, ““ /1‘)“1 ni
Darea = Durea (€, / R",.s)

— " " H
1)1“,“ —_ 1)1“'” ((’).g. llc). llt.' Ig l/().j,)

(l A 1
. Pad [l Il Jl Jl M
T A = p ((9.¢,. Uy, Ug, Wey, We, R m._,)
dr
5 n(l+z2)=(1+z ) “U u "U u val
(l A A )
— T Y LY LR TR TR oYY, p

(lTD p=D"g (O.é. Upys Ug, Wy, We, RY 0 VR m.,)
d

_ 7 P 1L
(l_T]u Dm'ul == (l“ Durvu) (C) g ” ) “‘ “ ) “ R 1(1_1"v“'R un,'f) f
d XE
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I Dy = (0 Dy} (O, €, uly, ey, wh, R, Vo R, )

CosmoTorunl|7 15 M. Korzynski, “Drift effects in cosmology”
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Remarks

e Vxpt at ¢ gives the viewing angle drift (apparent libration)
® caustics problematic

® dependence on observer’s and emitter’s motion:

D"‘U = O &, ““ /1‘)“1 ni
Darea = Durea (€, / R",.s)

— " " H
1)1“,“ —_ 1)1“'” ((’).g. llc). llt.' Ig l/().j,)

d

A AA P L oM H
T 94 = ¢/ ((’).c,. Ugy, Ug, U O%' R m._,)

l
(— lll(l -+ :) — (l + 2 ) (C) ll ) ”, L) “ RI‘U{L)’)

dr

d

4 A T TR il Pl H
DAy = DA (0,8, uly ult, why R, VA R, )

vo

d
_ I : T
(1_7‘ ]ll D,,,-N, = (lll D(,,-, u) (C) g “U ll¢ w () /R vals VA, R i/n,‘f) f
d X¢
~ ¢ M [T N7 I . T,
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Applications

Extension of the Sachs formalism

® Numerics: extension of ray tracing in numerical spacetimes. Given a null
geodesic, observer and emitter obtain z, Dung, Dum and D*p as well as

2, Dang, Dium ,13)/1 and Q.DAB by solving ODE'’s
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Applications

Extension of the Sachs formalism

® Numerics: extension of ray tracing in numerical spacetimes. Given a null
geodesic, observer and emitter obtain z, Dung, Dum and D*p as well as

2, Dang, Dium , 94 and Dp by solving ODFE’s

® |ncluding the inhomogeneities into the theory of drift effects

® exact models

® standard perturbation theory
® other approximations: local perturbation theory, PN formalism (Sanghai,

Clifton 2015, 2016)...
® stochastic approach (Fleury et al 2013, Fleury 2014)

® Tests of large scale homogeneity/isotropy

® Characterizations of the FLRWV spacetime (Krasinski 201 |)

to be published soon
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