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In FLRW things are quite simple (non-rotating frame, cosmic flow 
observer and emitter) 
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Sandage 1962

In practice: peculiar motions, inhomogeneities (lensing, time-
dependent light bending), time-dependent potential wells …

Possible to measure directly H(z)



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Motivation

Feasibility of observations

5



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Motivation

Feasibility of observations

5

• E-ELT, CODEX spectrograph (Ly-a forest z drift, after 1-2 
decades of observations)

• VLT ESPRESSO spectrograph

• SKA - z drift in neutral hydrogen

• Gaia - high accuracy position drift measurements (quasars)



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Motivation

Feasibility of observations

5

Quercellini et al, “Real time cosmology” Physics Reports 521 (2012) 95-134

• E-ELT, CODEX spectrograph (Ly-a forest z drift, after 1-2 
decades of observations)

• VLT ESPRESSO spectrograph

• SKA - z drift in neutral hydrogen

• Gaia - high accuracy position drift measurements (quasars)



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Motivation

Feasibility of observations

5

Quercellini et al, “Real time cosmology” Physics Reports 521 (2012) 95-134

• E-ELT, CODEX spectrograph (Ly-a forest z drift, after 1-2 
decades of observations)

• VLT ESPRESSO spectrograph

• SKA - z drift in neutral hydrogen

• Gaia - high accuracy position drift measurements (quasars)

Theory 

very simplified: Loeb 1998, Balbi, Quercellini 2007, Uzan et al 2008…

exact models: Krasiński 2011, Krasiński, Bolejko 2012, Quercellini et 
al 2009…
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Lack of a general theory

Sachs formalism (Sachs 1961, Etherington, Trautman, …),                   
V. Perlick Living Reviews in Relativity 7 (9) 2004

• Based on the geodesic deviation equation (GDE)

• Provides z, Dang, Dlum and DAB given a null geodesic 

connecting E and O and geometry in a narrow tube 

around it (Rmnab)

• Exact (all GR effects, all spacetimes)

• Limitations: geometric optics, narrow beam

• Applications: numerics, gravitational lensing, (weak lensing…)
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• Based on the geodesic deviation equation (GDE)

• Exact (all GR effects, all spacetimes)

Drift effects in GR - extending Sachs formalism

• Local effects (observer, emitter) vs propagation effects
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Jacobi matrix

• given by ODE’s

• gravitational lensing

• area, luminosity distances
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Geometric setup

• main tool: observation time vector Xm

• can be solved (up to C·pm) using DAB

• ∇X  gives the drift effects

∇X pm - position drift

∇X (pm um) - redshift drift

∇X DAB - distances drift



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Drift effects

11

Position drift



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Drift effects

11

Position drift

• parallel propagation of



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Drift effects

11

Position drift

• parallel propagation of

• inhomogeneous (perpendicular) GDE



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Drift effects

11

Position drift

• parallel propagation of

• inhomogeneous (perpendicular) GDE

• result



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Drift effects

11

Position drift

• parallel propagation of

• inhomogeneous (perpendicular) GDE

• result

Fermi-Walker
 derivative 
(observer)



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Drift effects

11

Position drift

• parallel propagation of

• inhomogeneous (perpendicular) GDE

• result

Fermi-Walker
 derivative 
(observer)

aberration



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Drift effects

11

Position drift

• parallel propagation of

• inhomogeneous (perpendicular) GDE

• result

Fermi-Walker
 derivative 
(observer)

aberration

4-velocity difference



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Drift effects

11

Position drift

• parallel propagation of

• inhomogeneous (perpendicular) GDE

• result

Fermi-Walker
 derivative 
(observer)

aberration

4-velocity difference

time-dep. light bending



M. Korzyński, “Drift effects in cosmology”CosmoTorun17

Drift effects

11

Position drift

• parallel propagation of

• inhomogeneous (perpendicular) GDE

• result

Fermi-Walker
 derivative 
(observer)

aberration

4-velocity difference

lensing time-dep. light bending
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Redshift drift line-of-sight 
4-acceleration difference

transversal 4-velocity difference, 
Jacobi matrix

integral of Riemann

• parallel propagation of      ,
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• Including the inhomogeneities into the theory of drift effects

• Tests of large scale homogeneity/isotropy

• Characterizations of the FLRW spacetime (Krasiński 2011)

• Numerics: extension of ray tracing in numerical spacetimes. Given a null 
geodesic, observer and emitter obtain z, Dang, Dlum and DAB as well as    

z, Dang, Dlum , wA and DAB by solving ODE’s
.. .. .

• exact models

• standard perturbation theory

• other approximations: local perturbation theory, PN formalism (Sanghai, 
Clifton 2015, 2016)…

to be published soon

• stochastic approach (Fleury et al 2013, Fleury 2014)


