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ds2 = −dt2 + a2(t)

[

dr2 + . . .
]

where
for a 
omoving radius of 
urvature and 
urvature of sign



FLRW metri


Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 6
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■ intuition 1: embed in higher dim. spa
e

intuition 2: fundamental domainintuition 3: universal 
overing spa
e



2D topology intuition (k = 0)

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 9
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■ Hubble law (Lemaître 1927; ADS:1927ASSB...47...49L):
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■ Plan
k's Law: I(ν, T ) = 2hν3

c2
1

e
hν
kT −1

■ wavelength: λ ∝ a ⇒ frequen
y: ν ∝ a−1 = (1 + z)

■ ⇒ temperature: kT ∝ hν ∝ (1 + z)

■ z ≫ 1 ⇒ early Universe dominated by hot, dense plasma =protons, ele
trons, photons
■ ⇒ bla
k body + primordial nu
leosynthesis



Bla
k body: COBE (∼ 1992)

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 13
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■

ds2 = −dt2 + a2(t)

[

dr2

1− kr2
+ r2(dθ2 + cos2 θdφ2)

]

■ universe 
ontent: diag(T) = (−ρ, p, p, p)

■ maxima: 
al
ulate G and G = 8πT and simplify:http://
osmo.torun.pl/Cosmo/FLRWEquationsGR
■ Friedmann Eqn: c2 k

a2
+

ȧ2
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■ Friedmann Eqn: ȧ2 = 8πGρm0
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3 a
− c2 k

■ matter-dominated epo
h: ρ = ρm = ρm0 a
−3

■ k = 0 
ase: a =
(

t
t0

)2/3 Einstein�de Sitter model (EdS)

Defn: Hubble parameter H := ȧ/a
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■ Friedmann Eqn: ȧ2 = 8πGρm0
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3 a
− c2 k

■ matter-dominated epo
h: ρ = ρm = ρm0 a
−3

■ k = 0 
ase: a =
(

t
t0

)2/3 Einstein�de Sitter model (EdS)

⇒ H(t) = 2
3t

; H0 = H(t0) =
2
3t0

■ Lemaître (1927) ADS:1927ASSB...47...49L: H0 ≈ 0.6 Gyr−1

■ Hubble (1929) ADS:1929PNAS...15..168H: H0 ≈ 0.5 Gyr−1

⇒ EdS would give t0 =
2

3H0
≈ 1.3 Gyr < tEarth ≈ 4.5 Gyr

1980's: or Gyr or Gyr, resp.

http://cdsads.u-strasbg.fr/abs/1927ASSB...47...49L
http://cdsads.u-strasbg.fr/abs/1929PNAS...15..168H


FLRW matter-dominated epo
h

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 16
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■ Friedmann Eqn: H2 = 8πGρ

3
− c2 k

a2

■ 
onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ ρm0 =

3H2
0

8πG
⇔ k = 0 �at

◆ ρm0 >
3H2

0

8πG
⇔ k > 0 spheri
al

◆ ρm0 <
3H2

0

8πG
⇔ k < 0

hyperboli




FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 17
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■ Friedmann Eqn: H2 = ρH2

ρcrit
− c2 k

a2Defn: ρcrit :=
3H2

8πG


riti
al density

Defn: matter density parameter

Defn: 
urvature density parameter (sign reversal!)�atspheri
alhyperboli




FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 18
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■ Friedmann Eqn: 1 = Ωm + ΩkDefn: ρcrit :=

3H2

8πG


riti
al density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 
urvature density parameter (sign reversal!)

■ 
onsider a �xed observation, e.g. H0 = 100 km/s/Mp


◆ Ωm0 = 1 ⇔ k = 0 �at
◆ Ωm0 > 1 ⇔ k > 0 spheri
al

hyperboli




FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 18
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■ metri
 in

◆ azimuthal equidistant 
oords: RC

◆ orthographi
 
oords: k
■ orthographi
: 1− kr2 = 0 
oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

■ Ωtot0 > 1 spheri
al

real�at unde�nedhyperboli
 imaginary (or use )



FLRW 
urvature 
onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 19
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■ metri
 in

◆ azimuthal equidistant 
oords: RC

◆ orthographi
 
oords: k
■ orthographi
: 1− kr2 = 0 
oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

■ Ωtot0 > 1 spheri
al RC real
■ Ωtot0 = 1 �at RC unde�ned
■ Ωtot0 < 1 hyperboli


imaginary (or use )



FLRW 
urvature 
onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 19
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■ Einstein: prevent expansion/
ontra
tion via ΛADS:1917SPAW.......142E

Friedmann Eqn (Λ 6= 0): c2 k

a2
+

ȧ2
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■ Einstein: prevent expansion/
ontra
tion via ΛADS:1917SPAW.......142E

Friedmann Eqn (Λ 6= 0): c2 k

a2
+

ȧ2
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a
= −4 π G (ρ+ 3 p/c2)

3
+

c2 Λ

3

Defn: �dust solution�: p(t) = 0Defn: ΩΛ := c2 Λ
3H2

Defn: �de
eleration parameter�a

eleration equationif then , i.e. a

eleration

http://cdsads.u-strasbg.fr/abs/1917SPAW.......142E


Einstein's free parameter: Λ

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 20
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ȧ2

�de
eleration parameter�
■ q = Ωm

2
− ΩΛ a

eleration equation

■ if ΩΛ > Ωm/2 then ä
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■ azimuthal equidistant r:

proper distan
e at 
omoving radialdistan
eFriedmann Eq:

if



distan
es in FLRW 
osmology

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 21
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■ azimuthal equidistant r: proper distan
e at t0 ≡ 
omoving radialdistan
e r =

∫ t0
t

c dt′

a(t′)

■ Friedmann Eq: 1 = Ωm + Ωk + ΩΛ

■ Ωm = ρ
ρcrit

= ρ0 a−3

ρcrit0 (H
2/H2

0 )
= Ωm0H

2
0a

−1ȧ−2
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2ȧ−2H2

0

■ 1 = Ωm0H
2
0a
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2ȧ−2H2

0

■ 1 = Ωm0H
2
0a
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■ r⊥ =: �proper motion� distan
e (Weinberg 1972)
■ ≡ 
omoving tangential ar
-length for 1 radian
■ azimuthal equidistant 
oords: r⊥ =







RC sinh r
RC

k < 0

r k = 0
RC sin r

RC
k > 0

where

r = 
omoving radial distan
e
■ angular diameter distan
e dA

■ ≡ physi
al/ metri
 / lo
al

ar
-length for 1 radian



tangential ar
-lengths: r⊥ vs dA

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 25
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want to de�ne dL su
h that �ux is F =
L

4πd2L

of photon: emitter frame to observer frame

erg per s: time dilation: emitter frame to observer frame

luminosity distan
e

w:Distan
e measures (
osmology)

http://en.wikipedia.org/wiki/Distance measures (cosmology)


luminosity distan
e

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 26
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want to de�ne dL su
h that �ux is F =
L

4πd2L

■ E = hν of photon: emitter frame to observer frame
F ∝ 1/λ ∝ aem

■ erg per s: time dilation: emitter frame to observer frame F ∝ aem

■ ⇒ F = L
4πr2⊥

a2 = L
4πr2⊥(1+z)2

■
⇒ luminosity distan
e dL := r⊥(1 + z) = dA(1 + z)2

w:Distan
e measures (
osmology)

http://en.wikipedia.org/wiki/Distance measures (cosmology)


luminosity distan
e

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 26
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■ distan
es on the 2-sphere, embedded in R

3

xi = RC cos δi cosαi

yi = RC cos δi sinαi

wi = RC sin δi

〈a1, a1〉 = x1x2 + y1y2 + w1w2

■ but also:

〈a1, a1〉 = R2 cos θ12.

■ a distan
e in S2 = ar
-length in R
3:



Non-radial spatial geodesi
s

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 29
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size of universe:
■ r− : biggest sphere insideFD

■ r+ : smallest sphere 
on-taining FD
■ 2rinj : smallest 
losed spatialgeodesi

■ V

1/3
FD volume 
ube root

alwaysorpossible



Cosmi
 topology: de�nitions

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 33
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empiri
al strategies: arXiv:astro-ph/0010189A. multiple topologi
al images:A.i 3D (grav 
ollapsed obje
ts):A.i.1 lo
al isometries�
olle
t �type I pairs� or �lo
al pairs�A.i.2 
osmi
 
rystallography�
olle
t �type II pairs� or�holonomy pairs�A.i.3 
hara
teristi
s of individual obje
ts

�(PESEL method)

http://arxiv.org/abs/astro-ph/0010189


Cosmi
 topol: obs. strategies

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M/Γ ẍ obs 3D 2D | 3 April 2014 � 36
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