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Intro duction

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 2

n basic cosmology mo del:

u GR: curvature = matter-energy content

verbal averaging: homogeneous, isotropic spatial slices

shap e of space (curvature + top ology)

+ observations of expansion hot big bang

black b o dy radiation , nucleosynthesis

but: galaxies inhomogeneous, anisotropic spatial slices

standard mo del: density p erturbations (anisotropy)

within this mo del, what is the shap e of the Universe?
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u GR: curvature = matter-energy content

u verbal averaging: homogeneous, isotropic spatial slices

u shap e of space (curvature + top ology)

+ observations of expansion ) hot big bang

) black b o dy radiation , nucleosynthesis

u but: 9 galaxies ) inhomogeneous, anisotropic spatial slices

u standard mo del: density p erturbations (anisotropy)

u scalar (GR) averaging: statistically homogeneous spatial slices

n within this mo del, what is the shap e of the Universe?
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n w:Cosmological principle

practical meaning:

1. assume homogeneity and isotropy

2. �nd the (di�erential 4-pseudo-manifold, metric) pairs

that solve

3. assume that remains unchanged if we add density

p erturbations to an early time slice

http://en.wikipedia.org/wiki/Cosmological principle
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n w:Comoving co ordinates

n Z (t;r 2 ;�;� )

(t;r 1 ;�;� )
ds = a(t)� r = a(t)jr2 � r1j

where all expansion/contraction ! w:scale factor a(t)

n universe is static in comoving co ordinates (r; �; � )

http://en.wikipedia.org/wiki/Comoving distance
http://en.wikipedia.org/wiki/scale factor
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n w:Friedmann�Lemaître�Rob ertson�Walker metric

w: w:

w:Howard Percy Rob ertson

w:Arthur Geo�rey Walker

http://en.wikipedia.org/wiki/Friedmann-Lemaitre-Robertson-Walker metric
http://en.wikipedia.org/wiki/Alexander Friedmann
http://en.wikipedia.org/wiki/Georges Lemaitre
http://en.wikipedia.org/wiki/Howard Percy Robertson
http://en.wikipedia.org/wiki/Arthur Geoffrey Walker
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ds2 = � dt2 + a2(t) [dr 2 + r 2
? (d� 2 + cos2 � d� 2)]

where r? :=

8
<

:

RC sinh r
RC

k < 0
r k = 0
RC sin r

RC
k > 0

for a comoving radius of curvature RC and curvature of sign k
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ds2j � =const ;a=1 = d r 2 + r 2
? d� 2; where r? := RC sin r

RC

w: (al-Biruni, c. 1000 CE)

n intuition switch: S

2
easier vs S

3

more physical
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_a(t0)=a(t0) � 600 km/s/Mp c

(also Hubble 1929)

so what is the �Big Bang�?

it is: such that

w:
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n Hubble law (Lemaître 1927; ADS:1927ASSB...47...49L ):

_a(t0)=a(t0) � 600 km/s/Mp c > 0 (also Hubble 1929)

n so what is the �Big Bang�?

n convention: tb := 0 , giving t ! 0+ ) a(t) ! 0+

it is: such that

w:
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Narlikar (1994; ADS:1994AmJPh..62..903N )]
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,
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� em
=
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(light-cone convention: often means )

radiation density:
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n wavelength: � / a [GR�transp ort four-velo city: Synge (1960);
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n
� obs

� em
=

1
aem

(Defn: a0 := 1 )

(light-cone convention: often means )

radiation density:
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n wavelength: � / a [GR�transp ort four-velo city: Synge (1960);

Narlikar (1994; ADS:1994AmJPh..62..903N )]

n

1 + z =
1

aem

(Defn of redshift z )

(light-cone convention: often means )

radiation density:
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 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 11
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n
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(light-cone convention: a often means aem )
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n matter density: � m / a� 3 = (1 + z)3

n wavelength: � / a [GR�transp ort four-velo city: Synge (1960);

Narlikar (1994; ADS:1994AmJPh..62..903N )]

n

1 + z = a� 1
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Black b o dy: COBE ( � 1992)

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 12

n Planck's Law: I (�; T ) = 2h� 3

c2
1

e
h�
kT � 1

wavelength: frequency:

temp erature:

early Universe dominated by hot, dense plasma =

protons, electrons, photons

black b o dy + primordial nucleosynthesis
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(Di�erential Microwave Radiometer)



Black b o dy: COBE ( � 1992)

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 13

n COBE /FIRAS (Far Infrared Absolute Sp ectrophotometer)

/DMR

(Di�erential Microwave Radiometer)



Black b o dy: COBE ( � 1992)

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
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n COBE /DMR (Di�erential Microwave Radiometer)



BBN: Big bang nucleosynthesis

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 14

n Alpher, Bethe, & Gamow (1948; ADS:1948PhRv...73..803A )

w:Big Bang nucleosynthesis
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BBN: Big bang nucleosynthesis

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 14

n Alpher, Bethe, & Gamow (1948; ADS:1948PhRv...73..803A )

w:Big Bang nucleosynthesis



FLRW: a(t) =?

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 15

n second choice FLRW co ord system: r := w:orthographic projection

of radial comoving distance (cf r := radial comoving distance )

universe content:

maxima : calculate and and simplify:

http://cosmo.torun.pl/Cosmo/FLRWEquationsGR

Friedmann Eqn:

acceleration Eqn:
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 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 15

n second choice FLRW co ord system: r := w:orthographic projection

of radial comoving distance (cf r := radial comoving distance )

) co ord singularity at equator ( := �= 2 from centre) if k > 0

n

ds2 = � dt2 + a2(t)
�

dr 2

1 � kr 2
+ r 2(d� 2 + cos2 � d� 2)

�

universe content:

maxima : calculate and and simplify:

http://cosmo.torun.pl/Cosmo/FLRWEquationsGR

Friedmann Eqn:

acceleration Eqn:
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n

ds2 = � dt2 + a2(t)
�

dr 2

1 � kr 2
+ r 2(d� 2 + cos2 � d� 2)

�

n universe content: diag(T ) = ( � �; p; p; p)

maxima : calculate and and simplify:

http://cosmo.torun.pl/Cosmo/FLRWEquationsGR

Friedmann Eqn:

acceleration Eqn:
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n

ds2 = � dt2 + a2(t)
�

dr 2

1 � kr 2
+ r 2(d� 2 + cos2 � d� 2)

�

n universe content: diag(T ) = ( � �; p; p; p)

n maxima : calculate G and G = 8� T and simplify:

http://cosmo.torun.pl/Cosmo/FLRWEquationsGR

Friedmann Eqn:

acceleration Eqn:



FLRW: a(t) =?

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
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n

ds2 = � dt2 + a2(t)
�

dr 2

1 � kr 2
+ r 2(d� 2 + cos2 � d� 2)

�

n universe content: diag(T ) = ( � �; p; p; p)

n maxima : calculate G and G = 8� T and simplify:

http://cosmo.torun.pl/Cosmo/FLRWEquationsGR

n

Friedmann Eqn:

c2 k
a2

+
_a2

a2
=

8� G �
3

acceleration Eqn:
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n

ds2 = � dt2 + a2(t)
�

dr 2

1 � kr 2
+ r 2(d� 2 + cos2 � d� 2)

�

n universe content: diag(T ) = ( � �; p; p; p)

n maxima : calculate G and G = 8� T and simplify:

http://cosmo.torun.pl/Cosmo/FLRWEquationsGR

n

Friedmann Eqn:

c2 k
a2

+
_a2

a2
=

8� G �
3

n

acceleration Eqn:

•a
a

= �
4� G (� + 3 p=c2)

3



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn:

_a2

a2 = 8 � G �
3 � c2 k

a2

matter-dominated ep o ch:

case: Einstein�de Sitter mo del (EdS)

;

Lemaître (1927) ADS:1927ASSB...47...49L : 0.6 Gyr

Hubble (1929) ADS:1929PNAS...15..168H : 0.5 Gyr

EdS would give Gyr Gyr

1980's: or Gyr or Gyr, resp.
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n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n convenient conversion: 1 km/s � 1:04 kp c/Gyr � 1 kp c/Gyr

Lemaître (1927) ADS:1927ASSB...47...49L : 0.6 Gyr

Hubble (1929) ADS:1929PNAS...15..168H : 0.5 Gyr

EdS would give Gyr Gyr

1980's: or Gyr or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 600 km/s/Mp c

0.6 Gyr

Hubble (1929) ADS:1929PNAS...15..168H : 0.5 Gyr

EdS would give Gyr Gyr

1980's: or Gyr or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 600

kp c/Gyr/Mp c

0.6 Gyr

Hubble (1929) ADS:1929PNAS...15..168H : 0.5 Gyr

EdS would give Gyr Gyr

1980's: or Gyr or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

Hubble (1929) ADS:1929PNAS...15..168H : 0.5 Gyr

EdS would give Gyr Gyr

1980's: or Gyr or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

n Hubble (1929) ADS:1929PNAS...15..168H : H0 � 500 km/s/Mp c

0.5 Gyr

EdS would give Gyr Gyr

1980's: or Gyr or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

n Hubble (1929) ADS:1929PNAS...15..168H : H0 � 500

kp c/Gyr/Mp c

0.5 Gyr

EdS would give Gyr Gyr

1980's: or Gyr or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

n Hubble (1929) ADS:1929PNAS...15..168H : H0 � 0.5 Gyr

� 1

EdS would give Gyr Gyr

1980's: or Gyr or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

n Hubble (1929) ADS:1929PNAS...15..168H : H0 � 0.5 Gyr

� 1

) EdS would give t0 = 2
3H 0

Gyr Gyr

1980's: or Gyr or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

n Hubble (1929) ADS:1929PNAS...15..168H : H0 � 0.5 Gyr

� 1

) EdS would give t0 = 2
3H 0

� 1:3 Gyr

Gyr

1980's: or Gyr or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

n Hubble (1929) ADS:1929PNAS...15..168H : H0 � 0.5 Gyr

� 1

) EdS would give t0 = 2
3H 0

� 1:3 Gyr < t Earth � 4:5 Gyr

1980's: or Gyr or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

n Hubble (1929) ADS:1929PNAS...15..168H : H0 � 0.5 Gyr

� 1

) EdS would give t0 = 2
3H 0

� 1:3 Gyr < t Earth � 4:5 Gyr

n 1980's: H0 � 50 or 100 km/s/Mp c

or Gyr

or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

n Hubble (1929) ADS:1929PNAS...15..168H : H0 � 0.5 Gyr

� 1

) EdS would give t0 = 2
3H 0

� 1:3 Gyr < t Earth � 4:5 Gyr

n 1980's: H0 � 50 or 100 kp c/Gyr/Mp c

or Gyr

or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

n Hubble (1929) ADS:1929PNAS...15..168H : H0 � 0.5 Gyr

� 1

) EdS would give t0 = 2
3H 0

� 1:3 Gyr < t Earth � 4:5 Gyr

n 1980's: H0 � 0:05 or 0:1 Gyr

� 1

or Gyr, resp.



FLRW matter-dominated ep o ch

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 16

n Friedmann Eqn: _a2 = 8 � G � m0
3 a � c2 k

n matter-dominated ep o ch: � = � m = � m0 a� 3

n k = 0 case: a =
�

t
t0

� 2=3

Einstein�de Sitter mo del (EdS)

) H (t) = 2
3t ; H0 = H (t0) = 2

3t0

n Lemaître (1927) ADS:1927ASSB...47...49L : H0 � 0.6 Gyr

� 1

n Hubble (1929) ADS:1929PNAS...15..168H : H0 � 0.5 Gyr

� 1

) EdS would give t0 = 2
3H 0

� 1:3 Gyr < t Earth � 4:5 Gyr

n 1980's: H0 � 0:05 or 0:1 Gyr

� 1 ) t0(EdS) � 13:0 or 6:5 Gyr, resp.



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 17

n Friedmann Eqn:

_a2

a2 = 8 � G �
3 � c2 k

a2

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 17

n Friedmann Eqn: H 2 = 8 � G �
3 � c2 k

a2

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 17

n Friedmann Eqn: H 2 = 8 � G �
3 � c2 k

a2

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 17

n Friedmann Eqn: H 2 = 8 � G �
3 � c2 k

a2

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u � m0 = 3H 2
0

8�G , k = 0

�at
hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 17

n Friedmann Eqn: H 2 = 8 � G �
3 � c2 k

a2

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u � m0 = 3H 2
0

8�G , k = 0 �at

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 17

n Friedmann Eqn: H 2 = 8 � G �
3 � c2 k

a2

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u � m0 = 3H 2
0

8�G , k = 0 �at

u � m0 > 3H 2
0

8�G , k > 0

spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 17

n Friedmann Eqn: H 2 = 8 � G �
3 � c2 k

a2

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u � m0 = 3H 2
0

8�G , k = 0 �at

u � m0 > 3H 2
0

8�G , k > 0 spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 17

n Friedmann Eqn: H 2 = 8 � G �
3 � c2 k

a2

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u � m0 = 3H 2
0

8�G , k = 0 �at

u � m0 > 3H 2
0

8�G , k > 0 spherical

u � m0 < 3H 2
0

8�G , k < 0

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 17

n Friedmann Eqn: H 2 = 8 � G �
3 � c2 k

a2

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u � m0 = 3H 2
0

8�G , k = 0 �at

u � m0 > 3H 2
0

8�G , k > 0 spherical

u � m0 < 3H 2
0

8�G , k < 0 hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: H 2 = 8 � G �
3 � c2 k

a2

Defn: critical density

Defn: matter density parameter

Defn: curvature density parameter (sign reversal!)

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: H 2 = 8 � G �
3 � c2 k

a2

Defn: � crit := 3H 2

8�G critical density

Defn: matter density parameter

Defn: curvature density parameter (sign reversal!)

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: H 2 = �H 2

� crit
� c2 k

a2

Defn: � crit := 3H 2

8�G critical density

Defn: matter density parameter

Defn: curvature density parameter (sign reversal!)

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: H 2 = �H 2

� crit
� c2 k

a2

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: curvature density parameter (sign reversal!)

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: H 2 = 
 mH 2 � c2 k
a2

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: curvature density parameter (sign reversal!)

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: H 2 = 
 mH 2 � c2 k
a2

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: 
 k := � c2k
a2H 2 curvature density parameter

(sign reversal!)

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: H 2 = 
 mH 2 � c2 k
a2

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: 
 k := � c2k
a2H 2 curvature density parameter (sign reversal!)

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: H 2 = 
 mH 2 + 
 kH 2

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: 
 k := � c2k
a2H 2 curvature density parameter (sign reversal!)

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: 1 = 
 m + 
 k

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: 
 k := � c2k
a2H 2 curvature density parameter (sign reversal!)

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: 1 = 
 m + 
 k

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: 
 k := � c2k
a2H 2 curvature density parameter (sign reversal!)

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: 1 = 
 m + 
 k

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: 
 k := � c2k
a2H 2 curvature density parameter (sign reversal!)

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u 
 m0 = 1 , k = 0

�at
spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: 1 = 
 m + 
 k

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: 
 k := � c2k
a2H 2 curvature density parameter (sign reversal!)

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u 
 m0 = 1 , k = 0 �at

spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: 1 = 
 m + 
 k

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: 
 k := � c2k
a2H 2 curvature density parameter (sign reversal!)

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u 
 m0 = 1 , k = 0 �at

u 
 m0 > 1 , k > 0

spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: 1 = 
 m + 
 k

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: 
 k := � c2k
a2H 2 curvature density parameter (sign reversal!)

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u 
 m0 = 1 , k = 0 �at

u 
 m0 > 1 , k > 0 spherical

hyp erb olic



FLRW: � crit

Monog: SoU 0 j FLRW k top 3obs j a ( t ) : EdS 
 R C q r H 0 r d A dL j M= � •x obs 3D 2D j 10 April 2014 � 18

n Friedmann Eqn: 1 = 
 m + 
 k

Defn: � crit := 3H 2

8�G critical density

Defn: 
 m := �
� crit

matter density parameter

Defn: 
 k := � c2k
a2H 2 curvature density parameter (sign reversal!)

n consider a �xed observation, e.g. H0 = 100 km/s/Mp c

u 
 m0 = 1 , k = 0 �at

u 
 m0 > 1 , k > 0 spherical

u 
 m0 < 1 , k < 0

hyp erb olic
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static fortran or C library: link to libcosmdist.a

high-level frontends (e.g. python) should b e easy to write
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n What is the comoving distance b etween two objects at di�erent

celestial p ositions and di�erent redshifts, for an arbitrary curvature

(+, 0, � )?

a distance in S = arc-length in :
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a distance in H is an arc-length in M
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n 3 intuitive metho ds

= universal covering space= �apparent space�

= a group of holonomies (isometries) of

the 3-space for FLRW cosmology is

each of the 3 ways of thinking of has advantages and

disadvantages

fundamental domain (FD) is not unique; shap e of FD may b e

non-unique
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