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◆ verbal averaging: homogeneous, isotropi spatial slies
◆ shape of spae (urvature + topology)+ observations of expansion ⇒ hot big bang
⇒ blak body radiation, nuleosynthesis
◆ but: ∃ galaxies ⇒ inhomogeneous, anisotropi spatial slies

◆ standard model: density perturbations (anisotropy)

◆ salar (GR) averaging: statistially homogeneous spatial slies

■ within this model, what is the shape of the Universe?
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■

∫ (t,r2,θ,φ)

(t,r1,θ,φ)

ds = a(t)∆r = a(t)|r2 − r1|

where all expansion/ontration → w:sale fator a(t)
■ universe is stati in omoving oordinates (r, θ, φ)
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■ matter density: ρm ∝ a−3 = (1 + z)3

■ wavelength: λ ∝ a [GR�transport four-veloity: Synge (1960);Narlikar (1994; ADS:1994AmJPh..62..903N)℄
■

1 + z = a−1(light-one onvention: a often means aem)
■ radiation density: E = hν ⇒ ρr ∝ a−4 = (1 + z)4

http://cdsads.u-strasbg.fr/abs/1994AmJPh..62..903N


Blak body: COBE (∼ 1992)

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 12
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■ Friedmann Eqn: ȧ2 = 8πGρm0
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3 a
− c2 k

■ matter-dominated epoh: ρ = ρm = ρm0 a
−3

■ k = 0 ase: da ∝ a−1/2dt for a > 0

Einstein�de Sitter model (EdS);Lemaître (1927) ADS:1927ASSB...47...49L: 0.6 GyrHubble (1929) ADS:1929PNAS...15..168H: 0.5 GyrEdS would give Gyr Gyr1980's: or Gyr or Gyr, resp.

http://cdsads.u-strasbg.fr/abs/1927ASSB...47...49L
http://cdsads.u-strasbg.fr/abs/1929PNAS...15..168H


FLRW matter-dominated epoh

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 16
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3 a
− c2 k

■ matter-dominated epoh: ρ = ρm = ρm0 a
−3

■ k = 0 ase: a ∝ t2/3

Einstein�de Sitter model(EdS) ;Lemaître (1927) ADS:1927ASSB...47...49L: 0.6 GyrHubble (1929) ADS:1929PNAS...15..168H: 0.5 GyrEdS would give Gyr Gyr1980's: or Gyr or Gyr, resp.

http://cdsads.u-strasbg.fr/abs/1927ASSB...47...49L
http://cdsads.u-strasbg.fr/abs/1929PNAS...15..168H


FLRW matter-dominated epoh

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 16
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;Lemaître (1927) ADS:1927ASSB...47...49L: 0.6 GyrHubble (1929) ADS:1929PNAS...15..168H: 0.5 GyrEdS would give Gyr Gyr1980's: or Gyr or Gyr, resp.

http://cdsads.u-strasbg.fr/abs/1927ASSB...47...49L
http://cdsads.u-strasbg.fr/abs/1929PNAS...15..168H


FLRW matter-dominated epoh

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 16
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■ Friedmann Eqn: ȧ2 = 8πGρm0
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3 a
− c2 k

■ matter-dominated epoh: ρ = ρm = ρm0 a
−3

■ k = 0 ase: a =
(

t
t0

)2/3 Einstein�de Sitter model (EdS)

⇒ H(t) = 2
3t

; H0 = H(t0) =
2
3t0

■ Lemaître (1927) ADS:1927ASSB...47...49L: H0 ≈ 0.6 Gyr−1

■ Hubble (1929) ADS:1929PNAS...15..168H: H0 ≈ 0.5 Gyr−1

EdS would give Gyr Gyr1980's: or Gyr or Gyr, resp.

http://cdsads.u-strasbg.fr/abs/1927ASSB...47...49L
http://cdsads.u-strasbg.fr/abs/1929PNAS...15..168H


FLRW matter-dominated epoh

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 16
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■ Friedmann Eqn: H2 = 8πGρ

3
− c2 k

a2

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp
◆ ρm0 =

3H2
0

8πG
⇔ k = 0

�athyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 17
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◆ ρm0 >
3H2

0

8πG
⇔ k > 0 spherial

◆ ρm0 <
3H2

0

8πG
⇔ k < 0 hyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: H2 = 8πGρ

3
− c2 k

a2

Defn: ritial density

Defn: matter density parameter

Defn: urvature density parameter (sign reversal!)�atspherialhyperboli



FLRW: ρcrit
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■ Friedmann Eqn: H2 = 8πGρ

3
− c2 k

a2Defn: ρcrit :=
3H2

8πG

ritial density

Defn: matter density parameter

Defn: urvature density parameter (sign reversal!)�atspherialhyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: H2 = ρH2

ρcrit
− c2 k

a2Defn: ρcrit :=
3H2

8πG

ritial density

Defn: matter density parameter

Defn: urvature density parameter (sign reversal!)�atspherialhyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: H2 = ρH2

ρcrit
− c2 k

a2Defn: ρcrit :=
3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: urvature density parameter (sign reversal!)�atspherialhyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: H2 = ΩmH

2 − c2 k
a2Defn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: urvature density parameter (sign reversal!)�atspherialhyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: H2 = ΩmH

2 − c2 k
a2Defn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter

(sign reversal!)�atspherialhyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: H2 = ΩmH

2 − c2 k
a2Defn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

�atspherialhyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: H2 = ΩmH

2 + ΩkH
2

Defn: ρcrit :=
3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

�atspherialhyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: 1 = Ωm + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

�atspherialhyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: 1 = Ωm + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

�atspherialhyperboli



FLRW: ρcrit
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■ Friedmann Eqn: 1 = Ωm + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0

�atspherialhyperboli



FLRW: ρcrit
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■ Friedmann Eqn: 1 = Ωm + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0 �at

spherialhyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: 1 = Ωm + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0 �at
◆ Ωm0 > 1 ⇔ k > 0

spherialhyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: 1 = Ωm + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0 �at
◆ Ωm0 > 1 ⇔ k > 0 spherial

hyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: 1 = Ωm + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0 �at
◆ Ωm0 > 1 ⇔ k > 0 spherial
◆ Ωm0 < 1 ⇔ k < 0

hyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: 1 = Ωm + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0 �at
◆ Ωm0 > 1 ⇔ k > 0 spherial
◆ Ωm0 < 1 ⇔ k < 0 hyperboli



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: 1 = Ωtot + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0 �at
◆ Ωm0 > 1 ⇔ k > 0 spherial
◆ Ωm0 < 1 ⇔ k < 0 hyperboli

■ Ωtot :=
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■ Friedmann Eqn: 1 = Ωtot + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0 �at
◆ Ωm0 > 1 ⇔ k > 0 spherial
◆ Ωm0 < 1 ⇔ k < 0 hyperboli

■ Ωtot := Ωm+
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■ Friedmann Eqn: 1 = Ωtot + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0 �at
◆ Ωm0 > 1 ⇔ k > 0 spherial
◆ Ωm0 < 1 ⇔ k < 0 hyperboli

■ Ωtot := Ωm+ Ωr+



FLRW: ρcrit

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 18
■ Friedmann Eqn: 1 = Ωtot + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0 �at
◆ Ωm0 > 1 ⇔ k > 0 spherial
◆ Ωm0 < 1 ⇔ k < 0 hyperboli

■ Ωtot := Ωm+ Ωr+ ΩΛ



FLRW: ρcrit
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■ Friedmann Eqn: 1 = Ωtot + ΩkDefn: ρcrit :=

3H2

8πG

ritial density

Defn: Ωm := ρ
ρcrit

matter density parameter

Defn: Ωk := − c2k
a2H2 urvature density parameter (sign reversal!)

■ onsider a �xed observation, e.g. H0 = 100 km/s/Mp

◆ Ωm0 = 1 ⇔ k = 0 �at
◆ Ωm0 > 1 ⇔ k > 0 spherial
◆ Ωm0 < 1 ⇔ k < 0 hyperboli

■ Ωtot := Ωb + ΩnbDM+ Ωr+ ΩΛ



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

orthographi oords:orthographi: oord singularity at equator

Defn:
spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k

orthographi: oord singularity at equator

Defn:
spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator

Defn:
spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1

Defn:
spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

Defn:
spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2

spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ Ωk0 = − c2k

H2
0

spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ k = −Ωk0H

2
0

c2

spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ R2

C = − c2

Ωk0H
2
0

spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ R2

C = − c2

H2
0

1
Ωk0

spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ R2

C = − c2

H2
0

1
1−Ωtot0

spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

■ Ωtot0 > 1

spherial real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

■ Ωtot0 > 1 spherial

real�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

■ Ωtot0 > 1 spherial RC real

�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

■ Ωtot0 > 1 spherial RC real
■ Ωtot0 = 1

�at unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

■ Ωtot0 > 1 spherial RC real
■ Ωtot0 = 1 �at

unde�nedhyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

■ Ωtot0 > 1 spherial RC real
■ Ωtot0 = 1 �at RC unde�ned

hyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

■ Ωtot0 > 1 spherial RC real
■ Ωtot0 = 1 �at RC unde�ned
■ Ωtot0 < 1

hyperboli imaginary (or use )



FLRW urvature onstant

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 19
■ metri in

◆ azimuthal equidistant oords: RC

◆ orthographi oords: k
■ orthographi: 1− kr2 = 0 oord singularity at equator
■ ⇒ kR2

C = 1 ⇒ k = 1/R2
C

■ Defn: Ωk := − c2k
a2H2 ⇒ RC =

c

H0

1√
Ωtot0 − 1

■ Ωtot0 > 1 spherial RC real
■ Ωtot0 = 1 �at RC unde�ned
■ Ωtot0 < 1 hyperboli

imaginary (or use )
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■ Einstein: prevent expansion/ontration via ΛADS:1917SPAW.......142E

Friedmann Eqn (Λ 6= 0): c2 k

a2
+

ȧ2
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a
= −H2Ωm

2
+ ΩΛ H

2

Defn: �deeleration parameter�aeleration equationif then , i.e. aeleration

http://cdsads.u-strasbg.fr/abs/1917SPAW.......142E


Einstein's free parameter: Λ

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 20
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a

a2

ȧ2
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−1ȧ−2

if



distanes in FLRW osmology

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 21
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−1ȧ−2

■ Ωk = Ωk0 ȧ
−2H2

0

if



distanes in FLRW osmology

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 21
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−2H2

0

■ ΩΛ = ΩΛ0a
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−2H2

0 + ΩΛ0a
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−2H2

0

■ ΩΛ = ΩΛ0a
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if ȧ, a,H0 > 0



distanes in FLRW osmology

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 21
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⇒ r =
∫ 1

1/(1+z)
c
H0

da

a
√

Ωm0a−1+Ωk0+ΩΛ0a
2



Low z limit Hubble law

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 22
■ use r = omoving radial distane

onsider limit

when , ,



Low z limit Hubble law

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 22
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■ use r = omoving radial distane

■ onsider 0 < z ≪ 1 limit ⇔ 1 > a ≫ 0.5

■ a = 1
1+z

⇒ da = −(1 + z)−2dz = −a2dz

when , ,



Low z limit Hubble law

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 22
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■ r =

∫ 1

1/(1+z)
c
H0

da

a
√

Ωm0a−1+Ωk0+ΩΛ0a
2EdS: Ωm0 = 1,Ωk0 = 0,ΩΛ0 = 0

⇒
rEdS =

∫ 1

1/(1+z)

c

H0

da

a
√
a−1

=
c

H0

∫ 1

1/(1+z)

a−1/2da

=
c

H0

[

2a1/2
]1

1/(1+z)



EdS: radial omoving distane

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 23
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■ r =

∫ 1

1/(1+z)
c
H0

da

a
√

Ωm0a−1+Ωk0+ΩΛ0a
2

■ GPL numerial pakage: osmdisthttp://osmo.torun.pl/GPLdownload/osmdist/
■ standard install to /usr/loal:./onfigure && make && make install
■ ommand line pipe:at myredshifts.lis | osmdist
■ ommand line options: osmdist --help

stati fortran or C library: link to libosmdist.ahigh-level frontends (e.g. python) should be easy to write

http://cosmo.torun.pl/GPLdownload/cosmdist/


distanes in FLRW osmology

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 24
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■ low z Hubble law r ≈ β c

H0

: r > 3h−1 Gp ⇒ β > 1?
■ possible de�nitions of �veloity�:1. galaxy as fundamental observer, loal veloity vgal = 0 by defnof omoving oords, or2. vgal < c by assumption (‖ transport + Mink.) or3. vglobgal :=

d(
∫ r
0 ds|t,θ,φ)

dt
= d(ar)

dt
= r ȧ = rH0 or4. 〈v〉globgal :=

∫ r
0 ds|t,θ,φ

t0
= ar

t0
= r

t0

■ vglobgal ≥ c when r ≥ c/H0 ≈ 3h−1 Gp

when h Gptheoretial, global veloity in tangent spaetimeno on�it with loally Lorentzian (SR) spaetime



�Veloity� v > c in FLRW?

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 28
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= r ȧ = rH0 or4. 〈v〉globgal :=

∫ r
0 ds|t,θ,φ

t0
= ar

t0
= r

t0

■ vglobgal ≥ c when r ≥ c/H0 ≈ 3h−1 Gp
■ 〈v〉globgal ≥ c when r ≥ ct0 ≈ 4.5h−1 Gp

theoretial, global veloity in tangent spaetimeno on�it with loally Lorentzian (SR) spaetime



�Veloity� v > c in FLRW?

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 28
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■ What is the omoving distane between two objets at di�erentelestial positions and di�erent redshifts, for an arbitrary urvature(+, 0, −)?
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■ distanes on the 2-sphere, embedded in R

3

xi = RC cos δi cosαi

yi = RC cos δi sinαi

wi = RC sin δi

〈a1, a1〉 = x1x2 + y1y2 + w1w2

a distane in S = ar-length in :



Non-radial spatial geodesis

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 29
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■ distanes on the 2-sphere, embedded in R

3

xi = RC cos δi cosαi

yi = RC cos δi sinαi

wi = RC sin δi

〈a1, a1〉 = x1x2 + y1y2 + w1w2

■ but also:

〈a1, a1〉 = R2 cos θ12.

■ a distane in S2 = ar-length in R
3:

χ12 = RC θ12 = RC cos−1
[

〈a1, a2〉 /R2
C

]



Non-radial spatial geodesis

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 30
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■ a distane in H3 is an ar-length in M4

http://arxiv.org/abs/astro-ph/0102099
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■ 3 intuitive methods

= universal overing spae= �apparent spae�

= a group of holonomies (isometries) ofthe 3-spae for FLRW osmology iseah of the 3 ways of thinking of has advantages anddisadvantagesfundamental domain (FD) is not unique; shape of FD may benon-unique



Cosmi topology: de�nitions

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 32
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size of universe:biggest sphere insideFD smallest sphere on-taining FDsmallest losed spatialgeodesivolume ube rootalwaysorpossible
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1/3
FDpossible
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■ �at 3-spaes: 18

◆ some �nite,

e.g. T , some in�nite, e.g.spherial: arXiv:gr-q/0106033 Gausmann et al.S �only S andS �ountably in�nite set of 3-spaesall �nite (�ompat�) = �nite groupompletely lassi�ed (Threlfall & Seifert 1930)S , , lens spaes ,�well-proportioned� spaes, . . .w:Poinaré Conjeture �Every simply onneted, losed3-manifold is homeomorphi to the 3-sphere.�w:Grigori Perelman, arXiv:math/0211159 +arXiv:math/0303109 + arXiv:math/0307245hyperboli:ountably in�nite superset knownsome �nite, some in�niteative researh area, e.g. arXiv:0705.4325 min. vol.

http://arxiv.org/abs/gr-qc/0106033
http://en.wikipedia.org/wiki/Poincare Conjecture
http://en.wikipedia.org/wiki/Grigori Perelman
http://arxiv.org/abs/math/0211159
http://arxiv.org/abs/math/0303109
http://arxiv.org/abs/math/0307245
http://arxiv.org/abs/0705.4325


Families of onst k 3-spaes

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 34
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■ osmi topology theory:

■ either very theoretial (quantum gravity)

or very simple (topologial aeleration)



Cosmi topol: top. ael.

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 35
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■ quasar�galaxy alignments, Fagundes (1985)ADS:1985ApJ...291..450F;

■ opposite QSO pairs: Demia«ski & Lapuha (1987);Fagundes & Wihoski (1987)

type II pair olletion: �osmi rystallography��Lehouq,Lahièze-Rey, Luminet (1996) arXiv:gr-q/9604050type I pair or -tuple olletion: Roukema (1996)arXiv:astro-ph/9603052�type I, type II� terminology: Lehouq, Luminet, Uzan (1999)arXiv:astro-ph/9811107suessive �lters: Mareki, Roukema, Bajtlik (2005)quadruples + suessive �lters + ollet membership ofquadruples Fujii & Yoshii (2013)

http://cdsads.u-strasbg.fr/abs/1985ApJ...291..450F
http://cdsads.u-strasbg.fr/abs/1987MNRAS.224..527D
http://cdsads.u-strasbg.fr/abs/1987ApJ...322L...5F
http://arxiv.org/abs/gr-qc/9604050
http://arxiv.org/abs/astro-ph/9603052
http://arxiv.org/abs/astro-ph/9811107
http://arxiv.org/abs/astro-ph/0412181
http://arxiv.org/abs/1103.1466


3D strategies�history

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 40
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Fujii & Yoshii (2013) arXiv:1103.1466
■ method valid for ompat �at spaes:

■ pairs of Type II pairs = quadruples +

require type I pairs�lter�short QSO lifetimes +

http://arxiv.org/abs/1103.1466


AGNs�suessive �lters

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 48
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WMAP 5yr ILC (internal linear ombination)

3D: strutures bigger than FD annot existroughly 2D struture uto�Starobinsky (1993); Stevens et al. (1993)
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http://cdsads.u-strasbg.fr/abs/1993PhRvL..71...20S


2D methods: struture uto�

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 50
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■ FD = positively urved do-deahedron
■ overing spae is S3
■ 120 opies of FD tile (ex-atly �ll) S3
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for a given manifold, e.g. S :predition: solution whereh Gp h Gp (f (WMAP))searh for best solution with Monte Carlo Markov Chainallow arbitrary so that aidental orrelations are likely to give aninvalid value
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■ ξC(r <∼ 4h−1 Gp) ∼ ξA(r <∼ 4h−1 Gp) (f ξA(WMAP))
■ searh for best solution with Monte Carlo Markov Chain

■ allow arbitrary φ so that aidental orrelations are likely to give aninvalid value φ 6= ±36◦
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ILC + kp2



WMAP + Poinaré S3/I∗

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 56

ILC + nomask



WMAP + Poinaré S3/I∗

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 56
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Pmin n α◦ σ◦

〈α〉 φ◦ σ◦
〈φ〉

0.4 12589.0 20.6 0.6 39.0 2.4
0.5 6537.5 20.8 0.7 38.7 2.2
0.6 2961.0 22.1 0.5 37.4 2.1
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■ topologial aeleration method at ∼ 10h−1 Mp likely to be verydi�ult to separate from artefats:

needs detailed modellingneeds exellent quality surveys3D and 2D statistial methods at 1�10h Gp:searhes for many 3-manifolds not yet done2D (CMB) data: polarisation datamuh h Gp sale 3D data: LSST, EUCLID, VLT/MUSE,. . . , 2015�2030however . . . these assume the FLRW metrithe reent Universe is inhomogeneous = non-FLRW
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■ topologial aeleration method at ∼ 10h−1 Mp likely to be verydi�ult to separate from artefats:

◆ needs detailed modelling

◆ needs exellent quality surveys
■ 3D and 2D statistial methods at 1�10h−1 Gp:

◆ searhes for many 3-manifolds not yet done

2D (CMB) data: polarisation datamuh h Gp sale 3D data: LSST, EUCLID, VLT/MUSE,. . . , 2015�2030however . . . these assume the FLRW metrithe reent Universe is inhomogeneous = non-FLRW



Cosmi topology 2015+ ?

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 59
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■ topologial aeleration method at ∼ 10h−1 Mp likely to be verydi�ult to separate from artefats:

◆ needs detailed modelling

◆ needs exellent quality surveys
■ 3D and 2D statistial methods at 1�10h−1 Gp:

◆ searhes for many 3-manifolds not yet done
◆ 2D (CMB) data: polarisation data
◆ muh h−1 Gp sale 3D data: LSST, EUCLID, VLT/MUSE,. . . , 2015�2030

however . . . these assume the FLRW metrithe reent Universe is inhomogeneous = non-FLRW



Cosmi topology 2015+ ?

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Ω RC q r H0r dA dL | M̃/Γ ẍ obs 3D 2D | 23 May 2014 � 59
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