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r Introduction 1

m basic cosmology model:

0 GR: curvature = matter-energy content

verbal averaging: homogeneous, isotropic spatial slices
shape of space (curvature + topology)

observations of expansion = hot big bang

black body radiation, nucleosynthesis

but: 3 galaxies = inhomogeneous, anisotropic spatial slices

standard model: density perturbations (anisotropy)

oo o Y4+ oo

scalar (GR) averaging: statistically homogeneous spatial slices

m within this model, what is the shape of the Universe?
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r verbal averaging

m w:Cosmological principle

m practical meaning:

1. assume homogeneity and isotropy

2. find the (differential 4-pseudo-manifold, metric) pairs (M, g)
that solve G = 87T

3. assume that (M, g) remains unchanged if we add density
perturbations to an early time slice
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r verbal averaging

Y Singularity

m w:Comoving coordinates

(t,?‘279,¢)
/ ds = a(t)Ar = a(t)|ry — 71|
(t7T1797¢)

where all expansion/contraction — w:scale factor a(t)

m universe is static in comoving coordinates (7,6, ¢)
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Q<1

( Resinh- k<0 a-
Whel’e r, = < T k — O MAP990006
. r
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r FLRW metric

ds? = —di + a?(¢) [dr? + 13 (d6? + cos? 6dg?)

Q<1

( Rcsinh RLC k<0 o
where r| ;=< r k= -
. T
| Rcsin o k>0

for a comoving radius of curvature Rc and curvature of sign k
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r curvature

m on a spatial slice (fixed value of ?):
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r 2D curvature intuition: k > 0 1

d32’¢:const,a:1 — d?"2 + Tid927
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r 2D curvature intuition: k > 0 1

T

ds?|s=const.a=1 = dr? + 3 d6?, where r| := R sin Ao

W.

(al-Biruni, c. 1000 CE)

m intuition switch: S? easier vs S? more physical
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r expansion

m Hubble law (Lemaitre 1927; ADS:1927ASSB...47...49L):
a(tog)/a(ty) ~ 600 km/s/Mpc > 0 (also Hubble 1929)

m so what is the “Big Bang'”?

m convention: t, := 0, givingt — 0" = a(t) — 07
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r expansion

m Hubble law (Lemaitre 1927; ADS:1927ASSB...47...49L):
a(tog)/a(ty) ~ 600 km/s/Mpc > 0 (also Hubble 1929)

m so what is the “Big Bang'”?

m it is: 3ty such that t — ¢ = a(t) = 0"

Qm=03,Q2A=0.7
! L= Dempty
e L= 0.3 hyperbolic
,.-" Q1"= | ﬂll'l

scale factor alt)

"Ly = 6 spherical
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W - Billions of years from now in FLREW time coordinate 1
.
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r expansion

m matter density: pp, o< a”®
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m matter density: p,, x a”

m wavelength: \ oc a [GR—transport four-velocity: Synge (1960);
Narlikar (1994; ADS:1994AmJPh..62..903N)]
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r expansion 1

3

m matter density: p,, x a”

m wavelength: \ oc a [GR—transport four-velocity: Synge (1960);
Narlikar (1994; ADS:1994AmJPh..62..903N)]

)\obs Uobs
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r expansion 1

3

m matter density: p,, x a”

m wavelength: \ oc a [GR—transport four-velocity: Synge (1960);
Narlikar (1994; ADS:1994AmJPh..62..903N)]

(Defn: ag :=1)
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r expansion 1

3

m matter density: p,, x a”

m wavelength: \ oc a [GR—transport four-velocity: Synge (1960);
Narlikar (1994; ADS:1994AmJPh..62..903N)]

1
1+ 2=

aem

(Defn of redshift z)
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r expansion 1

m matter density: p, xa® = (1+ 2)°

m wavelength: \ oc a [GR—transport four-velocity: Synge (1960);
Narlikar (1994; ADS:1994AmJPh..62..903N)]

l4+2z=a"

(light-cone convention: a often means aey, )
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r expansion 1

m matter density: p, xa® = (1+ 2)°

m wavelength: \ oc a [GR—transport four-velocity: Synge (1960);
Narlikar (1994; ADS:1994AmJPh..62..903N)]

1+2z=aqat

(light-cone convention: a often means aey, )

m radiation density: F = hv = p, ca™* = (1 + 2)*
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r Black body: COBE (~ 1992) 1

. 3
m Planck's Law: I(v,T) = 24—
ekT —1
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. 3
m Planck's Law: I(v,T) = 24—
ekT —1

m wavelength: A\ oc a = frequency: v oca™ = (1 + 2)
m = temperature: kKT «x hv « (1 4+ 2)

m 2z > 1 = early Universe dominated by hot, dense plasma =
protons, electrons, photons
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m = temperature: kKT «x hv « (1 4+ 2)

m 2z > 1 = early Universe dominated by hot, dense plasma =
protons, electrons, photons

m = black body
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r Black body: COBE (~ 1992)

. 3
m Planck's Law: I(v,T) = 24—
ekT —1

m wavelength: A\ oc a = frequency: v oca™ = (1 + 2)
m = temperature: kKT «x hv « (1 4+ 2)

m 2z > 1 = early Universe dominated by hot, dense plasma =
protons, electrons, photons

m = black body + primordial nucleosynthesis
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r Black body: COBE (~ 1992) 1

m COBE /FIRAS (Far Infrared Absolute Spectrophotometer)
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r Black body: COBE (~ 1992) 1

m COBE /FIRAS (Far Infrared Absolute Spectrophotometer)

_CosmiC MICROWAVE BACKGROUND SPECTRUM FROM COBE

THEORY AND OBSERVATION AGREE

;
:
;
;

10

Waves / centimeter
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r Black body: COBE (~ 1992) 1

m COBE /DMR (Differential Microwave Radiometer)

T =2%28 K
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r BBN: Big bang nucleosynthesis 1

m Alpher, Bethe, & Gamow (1948; ADS:1948PhRv...73..803A)
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BBN: Big bang nucleosynthesis

1

m Alpher, Bethe, & Gamow (1948; ADS:1948PhRv...73..803A)
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™ FLRW: a(t) =? -

m second choice FLRW coord system: r := w:orthographic projection
of radial comoving distance (cf r := radial comoving distance)
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™ FLRW: a(t) =? -

m second choice FLRW coord system: r := w:orthographic projection
of radial comoving distance (cf r := radial comoving distance)

= coord singularity at equator (:= 7/2 from centre) if £ > 0
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™ FLRW: a(t) =? -

m second choice FLRW coord system: r := w:orthographic projection
of radial comoving distance (cf r := radial comoving distance)

= coord singularity at equator (:= 7/2 from centre) if £ > 0
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™ FLRW: a(t) =? -

m second choice FLRW coord system: r := w:orthographic projection
of radial comoving distance (cf r := radial comoving distance)

= coord singularity at equator (:= 7/2 from centre) if £ > 0

dr?
1 — kr?

ds® = —dt* + a*(t) + 7%(d6” + cos® 9dgb2)]
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™ FLRW: a(t) =? -

dr?
1 — kr?

ds® = —dt* + a*(t) [ + 7?(df” + cos® 9dgb2)]

m universe content: diag(T) = (—p,p,p,p)
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™ FLRW: a(t) =? -

dr?
1 — kr?

ds® = —dt* + a*(t) [ + 7?(df” + cos® Hdng)]
m universe content: diag(T) = (—p,p,p,p)

m MAXIMA: calculate G and G = 87T and simplify:
http://cosmo.torun.pl/Cosmo/FLRWEquationsGR
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™ FLRW: a(t) =? -

dr?
1 — kr?

ds® = —dt* + a*(t) [ + 7?(df” + cos® Hdng)]
m universe content: diag(T) = (—p,p,p,p)

m MAXIMA: calculate G and G = 87T and simplify:
http://cosmo.torun.pl/Cosmo/FLRWEquationsGR

ck o> 8mGp
4 =
a2 a2 3

Friedmann Eqn:
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™ FLRW: a(t) =? -

dr?
1 — kr?

ds® = —dt* + a*(t) [ + 7?(df” + cos® Hdng)]
m universe content: diag(T) = (—p,p,p,p)

m MAXIMA: calculate G and G = 87T and simplify:
http://cosmo.torun.pl/Cosmo/FLRWEquationsGR

ck o> 8mGp
4+ =
a2 a2 3

Friedmann Eqn:

. L 22
acceleration Eqn: @ _ =7 (,03+ p/c?)
a
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r FLRW matter-dominated epoch 1

m Friedmann Eqgn: a —
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r FLRW matter-dominated epoch 1

m Friedmann Eqgn: @ —

m matter-dominated epoch: p = p,,
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r FLRW matter-dominated epoch 1

m Friedmann Eqgn: @ —

m matter-dominated epoch: p = pr, = pmo @™ °
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r FLRW matter-dominated epoch 1

' . a2 _ 871G pmo c?k
m Friedmann Eqn: 4 =STZfmo o0

m matter-dominated epoch: p = pr, = pmo @™ °
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

m kb —=0case: a2 oxa?
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

mk=0case: aoxa 2fora>0
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

m k=0 case: da oca Y2dt for a > 0
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

m k=0 case: a'/?2da x dt
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

m k=0case: (2/3)a*? ot
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

m k=0case aoxt??
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (t> Einstein—de Sitter model (EdS)

to

Defn: | Hubble parameter H :=a/a
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (t> Einstein—de Sitter model (EdS)

to

Defn: | Hubble parameter H :=a/a

= Hubble constant Hy := H(z = 0)

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 16


http://cdsads.u-strasbg.fr/abs/1927ASSB...47...49L
http://cdsads.u-strasbg.fr/abs/1929PNAS...15..168H

r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (t> Einstein—de Sitter model (EdS)

to

Defn: | Hubble parameter H :=a/a

= Hubble constant Hy := H(z = 0)

— Lk = 0 case: %:—
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (t> Einstein—de Sitter model (EdS)

to

Defn: | Hubble parameter H :=a/a

= Hubble constant Hy := H(z = 0)
= k=0case: 2 =2

= H(t):%;
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

to

2/3
m k=0case: |a= (t> Einstein—de Sitter model (EdS)

Defn: | Hubble parameter H :=a/a

= Hubble constant Hy := H(z = 0)

— Lk = 0 case: %:—
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m convenient conversion: 1 km/s ~ 1.04 kpc/Gyr =~ 1 kpc/Gyr
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47...49L: Hy ~ 600 km/s/Mpc
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

= H(t) = 4; Hy=H(t) = 5

3t 3to

m Lemaitre (1927) ADS:1927ASSB...47...49L: Hy =~ 600
kpc/Gyr/Mpc
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*
m Hubble (1929) ADS:1929PNAS...15..168H: Hj ~ 500 km/s/Mpc
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*

s Hubble (1929) ADS:1929PNAS...15..168H: H, ~ 500
kpc/Gyr/Mpc
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*
m Hubble (1929) ADS:1929PNAS...15..168H: Hy ~ 0.5 Gyr~!

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 16


http://cdsads.u-strasbg.fr/abs/1927ASSB...47...49L
http://cdsads.u-strasbg.fr/abs/1929PNAS...15..168H

r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*
m Hubble (1929) ADS:1929PNAS...15..168H: Hy ~ 0.5 Gyr~!

= EdS would give tj = ﬁ
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*
m Hubble (1929) ADS:1929PNAS...15..168H: Hy ~ 0.5 Gyr~!

= EdS would give t( = ﬁ ~ 1.3 Gyr
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*
m Hubble (1929) ADS:1929PNAS...15..168H: Hy ~ 0.5 Gyr~!

= EdS would give t( = ﬁ ~ 1.3 Gyr < tgartn ~ 4.5 Gyr
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*
m Hubble (1929) ADS:1929PNAS...15..168H: Hy ~ 0.5 Gyr~!

= EdS would give t( = ﬁ ~ 1.3 Gyr < tgartn ~ 4.5 Gyr

m 1980's: Hy ~ 50 or 100 km/s/Mpc
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*
m Hubble (1929) ADS:1929PNAS...15..168H: Hy ~ 0.5 Gyr~!

= EdS would give t( = ﬁ ~ 1.3 Gyr < tgartn ~ 4.5 Gyr

m 1980's: Hy =~ 50 or 100 kpc/Gyr/Mpc
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*
m Hubble (1929) ADS:1929PNAS...15..168H: Hy ~ 0.5 Gyr~!

= EdS would give t( = ﬁ ~ 1.3 Gyr < tgartn ~ 4.5 Gyr

m 1980's: Hy ~ 0.050or 0.1 Gyr™*
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r FLRW matter-dominated epoch 1

m Friedmann Eqn: a? = 8”?% — 2k

m matter-dominated epoch: p = pr, = pmo @™ °

2/3
m k=0case: |a= (i> Einstein—de Sitter model (EdS)

m Lemaitre (1927) ADS:1927ASSB...47..49L: Hy ~ 0.6 Gyr™*
m Hubble (1929) ADS:1929PNAS...15..168H: Hy ~ 0.5 Gyr~!

= EdS would give t( = ﬁ ~ 1.3 Gyr < tgartn ~ 4.5 Gyr

m 1980's: Hy =~ 0.05 or 0.1 Gyr~! = to(EdS) = 13.0 or 6.5 Gyr, resp.
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m Friedmann Eqgn: = —
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™ FLRW: i

. 2
m Friedmann Egn: H? =81Gp _ ck

3 a?
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™ FLRW: e

. 2
m Friedmann Egn: H? =81Gp _ ck

3 a?

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc
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™ FLRW: e

H?2 — 8tGp 2k

m Friedmann Eqgn:

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc
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™ FLRW: e

. 2
m Friedmann Egn: H? =81Gp _ ck

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc
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™ FLRW: i

. 2
m Friedmann Egn: H? =81Gp _ ck

3 a?

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

[ pm():%@k:Oﬂat

3H2
me0>%<:>k>0
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™ FLRW: poiq

. 2
m Friedmann Egn: H? =81Gp _ ck

3 a?

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

[ pm():%@k:Oﬂat

3H2

0 pmo > & < k > 0 spherical

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 17



™ FLRW: poiq

. 2
m Friedmann Egn: H? = SWSGP —

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

3H?
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3H?
G
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™ FLRW: poiq

. 2
m Friedmann Egn: H? = SWSGP —

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

3H2

[l pm():%@k:()ﬂat
a 3H2 .
Pmo > z-& < k > 0 spherical
3H

0 pmo < 5= < k < 0 hyperbolic
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™ FLRW: i
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m Friedmann Egn: H? =81Gp _ ck
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FLRW: pgit

. 2
m Friedmann Egn: H? = SWSGP —
Defn: | perit := 5-7 | critical density
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FLRW: pgit

; H2 2
m Friedmann Eqn: H? =2 _ <k
Pcrit a
Defn: | perit 1= 575 | critical density
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™ FLRW: poiq

. 2 2
m Friedmann Eqn: H? = _ck

Defn: | perit 1= % critical density

Defn: [Q,, = pp,t matter density parameter
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™ FLRW: poiq

m Friedmann Eqn: H? =Q,H? - <k
Defn: | perit := % critical density
Defn: |2, := pp_t matter density parameter
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r

m Friedmann Eqgn:

FLRW: pgit

H? = Q,H? — <F

Defn: | perit := 5-7 | critical density
Defn: |2, := pp_t matter density parameter
Cri
2 .
Defn: | ), := —QSH’Z curvature density parameter
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™ FLRW: i

m Friedmann Egn: H? =Q,H? - <k
Defn: | perit := % critical density
Defn: |2, := pp_t matter density parameter
Defn: | = —a§2H"’2 curvature density parameter (sign reversal!)
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™ FLRW: i

m Friedmann Eqgn: H? =Q,.H? + Q. H?
Defn: | perit := % critical density
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™ FLRW: i
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Defn: | perit := % critical density
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Defn: | (), := —% curvature density parameter (sign reversal!)
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FLRW: pgit

m Friedmann Eqgn: 1 =0, +
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

Monog: SoU

0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D |

23 May 2014 - 18
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FLRW: pgit

m Friedmann Eqgn: 1 =0, +
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

Monog: SoU

0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D |
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FLRW: pgit

m Friedmann Eqgn: 1 =0, +
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

Monog: SoU

0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D |

23 May 2014 - 18



r

FLRW: pgit

m Friedmann Eqgn: 1 =0, +
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

0 Quo>1< k>0

Monog: SoU

0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D |
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FLRW: pgit

m Friedmann Eqgn: 1 =0, +
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

0 Qo > 1< k> 0 spherical

Monog: SoU

0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D |
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r

FLRW: pgit

m Friedmann Eqgn: 1 =0, +
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

0 Qo > 1< k> 0 spherical
0 Qo<1 k<O

Monog: SoU

0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D |
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r

FLRW: pgit

m Friedmann Eqgn: 1 =0, +
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

0 Qo > 1< k> 0 spherical

0 Qo < 1< k <0 hyperbolic

Monog: SoU

0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D |

23 May 2014 - 18
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FLRW: pgit

m Friedmann Eqgn: 1 = Qo + Oy
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

0 Qo > 1< k> 0 spherical

0 Qo < 1< k <0 hyperbolic

B (op 1=

Monog: SoU

0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D |
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FLRW: pgit

m Friedmann Eqgn: 1 = Qo + Oy
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

0 Qo > 1< k> 0 spherical

0 Qo < 1< k <0 hyperbolic

u Qtot — Qm"‘

Monog: SoU

0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D |
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r

FLRW: pgit

m Friedmann Eqgn: 1 = Qo + Oy
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

0 Qo > 1< k> 0 spherical

0 Qo < 1< k <0 hyperbolic

| Qtot = Qm_|_ Qr+

Monog: SoU
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™ FLRW: poiq

m Friedmann Eqgn: 1 = Qo + Oy
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

0 Qo > 1< k> 0 spherical
0 Qo < 1< k <0 hyperbolic

| Qtot = Qm_|_ Qr+ QA
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™ FLRW: poiq

m Friedmann Eqgn: 1 = Qo + Oy
Defn: | perit := % critical density
Defn: [Q,, = pp,t matter density parameter
Defn: | (), := —% curvature density parameter (sign reversal!)

m consider a fixed observation, e.g. Hy = 100 km/s/Mpc

0 Qo > 1< k> 0 spherical
0 Qo < 1< k <0 hyperbolic

u Qtot — Qb + anDM"‘ Qr+ QA

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 18



r FLRW curvature constant 1

B metric In

[0 azimuthal equidistant coords: R
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r FLRW curvature constant 1

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k
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r FLRW curvature constant 1

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator
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r FLRW curvature constant 1

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator

m = kR2 =1
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r FLRW curvature constant 1

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator

m = kRL=1=k=1/R%
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r FLRW curvature constant 1

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator

m = kRL=1=k=1/R%

m Defn: Q (= — <k

a? H?
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r FLRW curvature constant

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator

m = kRL=1=k=1/R%

2
m Defn: () 1= c’k = Qko — _ck

- aZH?2 H_g
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r FLRW curvature constant

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator

m = kRL=1=k=1/R%

2 QroH?
m Defn: Q= ——a‘glﬁ = k= ——%"
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r FLRW curvature constant

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator
m = kRL=1=k=1/R

m Defn: Q= -5k = RE = <

 a2H? T QuoH?
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r FLRW curvature constant

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator
m = kRL=1=k=1/R

2
m Defn: Q) := ——aCQk = R, =-<_L1
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r FLRW curvature constant

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator
m = kRL=1=k=1/R

. o CQk 2 (32 1
| Defn. Qk T T L2H2 = R = _Hg 1—0t0
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r FLRW curvature constant

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator

m = kRL=1=k=1/R%

m Defn: Q=

2k
T a2 H?2

=

Rc

C 1

B HO \/QtotO — 1

1
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r FLRW curvature constant 1

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator

m = kRL=1=k=1/R%

CQk C 1

DfQ = — 55 — R =
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u QtotO > 1
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r FLRW curvature constant 1

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator

m = kRL=1=k=1/R%

CQk C 1

DfQ = — 55 — R =
it ot ¢ Hoy /oo — 1

m (oo > 1 spherical
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r FLRW curvature constant 1

B metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

m orthographic: 1 — kr? = 0 coord singularity at equator

m = kRL=1=k=1/R%

CQk C 1

DfQ = — 55 — R =
it ot ¢ Hoy /oo — 1

m (oo > 1 spherical R real
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FLRW curvature constant

metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

orthographic: 1 — kr? = 0 coord singularity at equator

—~ kR%=1=k=1/R

1

. e 2k _ ¢ 1
m Defn: Q= -5 = RC—H Vo
0 tot0
m (oo > 1 spherical R real
B (g = 1
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FLRW curvature constant

metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

orthographic: 1 — kr? = 0 coord singularity at equator

—~ kR%=1=k=1/R

C

1

B HO \/QtotO — 1

Defn: Q. = —Cg—HkQ = | Rc
Qioto > 1 spherical R real

QtotO — 1 flat

1
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FLRW curvature constant

metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

orthographic: 1 — kr? = 0 coord singularity at equator

—~ kR%=1=k=1/R

C

1

B HO \/QtotO — 1

Defn: Q. = —Cg—HkQ = | Rc
Qioto > 1 spherical R real

Quoto = 1 flat  Rc undefined

1
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FLRW curvature constant

metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

orthographic: 1 — kr? = 0 coord singularity at equator

—~ kR%=1=k=1/R

1

m Defn: Qk::_af—HkQ = Rc:}; Vi ! —
0 tot0
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FLRW curvature constant

metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

orthographic: 1 — kr? = 0 coord singularity at equator

—~ kR%=1=k=1/R

Rc

C 1

B HO \/QtotO — 1

Defn: €, := ——a§2[§2 =
Qioto > 1 spherical R real

Quoto = 1 flat  Rc undefined

QtotO <1 hyperbo/ic

1
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FLRW curvature constant

metric In

[0 azimuthal equidistant coords: R

[0 orthographic coords: k

orthographic: 1 — kr? = 0 coord singularity at equator

—~ kR%=1=k=1/R

=

Rc

C 1

B HO \/QtotO — 1

Defn: Q := ——agzlj,g
Qioto > 1 spherical R real

Quoto = 1 flat  Rc undefined

Qoo < 1 hyperbolic R imaginary (or use |R¢|)
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r Einstein’s free parameter: A 1

m Einstein: prevent expansion/contraction via A
ADS:1917SPAW....... 142E
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r Einstein's free parameter: A

m Einstein: prevent expansion/contraction via A
ADS:1917SPAW....... 142E

m MAXIMA: calculate G and G — gA = 87T and simplify:

http://cosmo.torun.pl/Cosmo/FLRWEquationsGR

1
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r Einstein’s free parameter: A 1

m Einstein: prevent expansion/contraction via A
ADS:1917SPAW....... 142E

m MAXIMA: calculate G and G — gA = 87T and simplify:
http://cosmo.torun.pl/Cosmo/FLRWEquationsGR

m hint: mixed index form of g is easy
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m GPL numerical package: cosmdist
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r distances in FLRW cosmology 1

c da

I
Ho ¢ \/Qmoa=14+Qp+Q ga?

1
fl/(l—I—z)

m GPL numerical package: cosmdist
http://cosmo.torun.pl/GPLdownload /cosmdist/

m standard install to /usr/local:
./configure && make && make install
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r distances in FLRW cosmology 1

c da

Ho ¢ \/Qmoa_1+9k:o+QAoa2

1
nr= fl/(l—l—z)

m GPL numerical package: cosmdist
http://cosmo.torun.pl/GPLdownload /cosmdist/

m standard install to /usr/local:
./configure && make && make install

m command line pipe:
cat myredshifts.lis | cosmdist
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m GPL numerical package: cosmdist
http://cosmo.torun.pl/GPLdownload /cosmdist/

m standard install to /usr/local:
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m command line pipe:
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r

distances in FLRW cosmology

c da

1
T =
fl/(1+2’> Ho ¢ \/Qumoa=1+Qko+Qn002

GPL numerical package: cosmdist
http://cosmo.torun.pl/GPLdownload /cosmdist/

standard install to /usr/local:
./configure && make && make install

command line pipe:
cat myredshifts.lis | cosmdist

command line options: cosmdist --help
static fortran or C library: link to 1ibcosmdist.a

high-level frontends (e.g. python) should be easy to write
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r tangential arc-lengths: 7| vs dx 1

m r; =: ‘proper motion” distance (Weinberg 1972)
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m = comoving tangential arc-length for 1 radian
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m r; =: ‘proper motion” distance (Weinberg 1972)

m = comoving tangential arc-length for 1 radian

( R sinh RLC k<0
m azimuthal equidistant coords: r; =< r k=0 where
| Rcsin RLC k>0

r = comoving radial distance

m angular diameter distance dj

s = physical/
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r tangential arc-lengths: 7| vs dx 1

m r; =: ‘proper motion” distance (Weinberg 1972)

m = comoving tangential arc-length for 1 radian

( R sinh RLC k<0
m azimuthal equidistant coords: r; =< r k=0 where
| Rcsin RLC k>0

r = comoving radial distance

m angular diameter distance dj
m = physical/ metric / local arc-length for 1 radian

m dy =7, a (scaled by the scale factor)
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r tangential arc-lengths: 7| vs dx 1

m r; =: ‘proper motion” distance (Weinberg 1972)

m = comoving tangential arc-length for 1 radian

( R sinh RLC k<0
m azimuthal equidistant coords: r; =< r k=0 where
| Rcsin RLC k>0

r = comoving radial distance

m angular diameter distance dj

m = physical/ metric / local arc-length for 1 radian

Tl
1+ z

H dA:
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r luminosity distance

L
4Wd%

want to define d; such that flux is F' =
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r luminosity distance

L
4Wd%

want to define d; such that flux is F' =

m surface area of 2-sphere = 474 (comoving)

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 26


http://en.wikipedia.org/wiki/Distance measures (cosmology)

r luminosity distance

L
4Wd%

want to define d; such that flux is F' =

m Y = hv of photon:
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r luminosity distance

L
4Wd%

want to define d; such that flux is F' =

m [/ = hv of photon: emitter frame to observer frame
Fox1/A X e
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r luminosity distance

L
4Wd%

want to define d; such that flux is F' =

m [/ = hv of photon: emitter frame to observer frame
Fox1/A X e

m erg per s: time dilation:
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r luminosity distance 1
L

4Wd%

want to define d; such that flux is F' =

m [/ = hv of photon: emitter frame to observer frame
Fox1/A X e

m erg per s: time dilation: emitter frame to observer frame I’ & aem,
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http://en.wikipedia.org/wiki/Distance measures (cosmology)

r luminosity distance 1
L

4Wd%

want to define d; such that flux is F' =

m [/ = hv of photon: emitter frame to observer frame
Fox1/A X e

m erg per s: time dilation: emitter frame to observer frame I’ & aem,

L 2

a
7.‘.,’,.2
4

m = F =
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r luminosity distance 1
L

4Wd%

want to define d; such that flux is F' =

m [/ = hv of photon: emitter frame to observer frame
Fox1/A X e

m erg per s: time dilation: emitter frame to observer frame I’ & aem,

L 2 _ L
dmrd drra (14-2)2

m = F =
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http://en.wikipedia.org/wiki/Distance measures (cosmology)

r luminosity distance 1
L

4Wd%

want to define d; such that flux is F' =

m [/ = hv of photon: emitter frame to observer frame
Fox1/A X e

m erg per s: time dilation: emitter frame to observer frame I’ & aem,

n = = L0 = L

dmrd — Awrd (142)2

= luminosity distance |dy, := 7 (1 + 2) = da(1 + 2)*
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r luminosity distance 1
L

4Wd%

want to define d; such that flux is F' =

m [/ = hv of photon: emitter frame to observer frame
Fox1/A X e

m erg per s: time dilation: emitter frame to observer frame I’ & aem,

L 2 _ L
dmrd drra (14-2)2

m = F =

= luminosity distance |dy, := 7 (1 + 2) = da(1 + 2)*

m w:Distance measures (cosmology)
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FLRW distances e.g. ACDM

Comparison of Distance Measures 0 <z < 0.5
5 T I T

2 top | Luminosity |
’ ~ naive Hubble
- LOS comoving
A ~ Lookback time
N 7/ R bottom . Angular diameter i

ol

distance in Gly or age in Gyr

Y

. ; . ; ;
0 0.1 0.2 0.3 0.4 0.5

redshift z
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FLRW distances e.g. ACDM

Comparison of Distance Measures 0 <z < 0.5
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Comparison of Distance Measures 0 <z < 0.5

FLRW distances e.g. ACDM

distance in Gly or age in Gyr
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FLRW distances e.g. ACDM

Comparison of Distance Measures 0 < z < 10,000
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ g—g: r>3h ! Gpc = 3 > 17
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m low z Hubble law r ~ Z—g: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer,
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m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords,
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m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
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2. Hubble law assumes || transport of 4-velocity 1g,; then
compare Upbs, lga) locally in Minkowski spacetime
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Hubble law assumes || transport of 4-velocity 1g,; then
compare Ugbs, Uga) locally in Minkowski spacetime i.e.

14+ 2z = % Is assumed in derivation

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 28



r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Hubble law assumes || transport of 4-velocity 1g,; then
compare Ugbs, Uga) locally in Minkowski spacetime i.e.

14+2z=,/ 1+g is assumed in derivation vy, < ¢ by assumption
(|| transport + Mink.)
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

3. define differential “global” comoving velocity
8lob . d(fy dslt,e,6)

gal - dt
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m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or
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3. define differential “global” comoving velocity
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m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

3. define differential “global” comoving velocity
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

3. define differential “global” comoving velocity

2}glob o d(foT d5|t,0,¢) __d(ar) _ ra— 1
gal dt o dt o

e |e-

a

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 28



r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

3. define differential “global” comoving velocity

;
glob | d(fo d5|t,0,¢) __d(ar) .
Vgal = - = —3;~ =ra=rH
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

3 Uglob o d(for d5|t,9,¢) __d(ar) _

gal - dt — dt

4. define mean “global” comoving velocity
<U>glob . Jo dslt0.0

ra=rHyor

gal - to
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m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

3 Uglob o d(for d5|t,9,¢) __d(ar) _
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m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

lob d( [y dsl,e, d :
3. v = Us dsluos) _ ar) — v 4 = rHy or

gal dt dt
glob | ford5|t,9,¢ —ar _ 1T
4. <U>gal T to -~ to to
glob
m v > ¢ when
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

lob d( [y dsl,e, d :
3. v = Us dsluos) _ ar) — v 4 = rHy or

gal - dt dt
glob . Jodsleee _ ar _ 7
4. <U>gal T to -~ to to
glob ~ —1
B Uy, > C when r > ¢/Hy ~ 3h™" Gpc
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

lob . d(Jo dslt.e, d :
3. Vg = s r o) _ (g) =ra=rHyor

4 <U>g10b _ Jodslees  ar _

gal - to to to

= vgﬁb > c when 7 > ¢/Hy ~ 3h™! Gpc

n (v )g;olb > ¢ when r/ty > ¢
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

lob d( [y dsl,e, d :
3. v = Us dsluos) _ ar) — v 4 = rHy or

gal - dt dt
glob . Jodsleee _ ar _ 7
4. <U>gal T to -~ to to
glob ~ —1
B Uy, > C when r > ¢/Hy ~ 3h™" Gpc

n (v >iflb>cwhenr>cto~45h L Gpc
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

lob d( [y dslte, d :
3. 1257 = (s dsleos) _ ar) _ 4 = rHy or

gal - dt dt
glob . Jodsleee _ ar _ 7
4. <U>gal T to -~ to to
glob ~ —1
B Uy, > C when r > ¢/Hy ~ 3h™" Gpc

n (v >iflb>cwhenr>cto~45h L Gpc

glob < >glob

. Ugal Y gal

= theoretical, global # velocity in tangent spacetime
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r “Velocity” v > ¢ in FLRW? 1

m low z Hubble law r ~ JBLI_S: r>3h ! Gpc = 3 > 17

m possible definitions of “velocity:

1. galaxy as fundamental observer, local velocity vy, = 0 by defn
of comoving coords, or

2. Uga < c by assumption (|| transport + Mink.) or

lob d( [y dsl,e, d :
3. v = Us dsluos) _ ar) — v 4 = rHy or

gal - dt dt
glob . Jodsleee _ ar _ 7
4. <U>gal T to -~ to to
glob ~ —1
B Uy, > C when r > ¢/Hy ~ 3h™" Gpc

n (v >iflb>cwhenr>cto~45h L Gpc

glob < >glob

. Ugal Y gal

= theoretical, global # velocity in tangent spacetime

= no conflict with locally Lorentzian (SR) spacetime
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r Non-radial spatial geodesics 1

m What is the comoving distance between two objects at different
celestial positions and different redshifts, for an arbitrary curvature

(+, 0, —)7?
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r Non-radial spatial geodesics 1

m distances on the 2-sphere, embedded in R?
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r Non-radial spatial geodesics 1

m distances on the 2-sphere, embedded in R?

r; = Rccoso;coso;
y; = KRgcoso;sinq;
w; = Resino;
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r Non-radial spatial geodesics 1

m distances on the 2-sphere, embedded in R?

r; = Rccoso;coso;
y; = KRgcoso;sinq;
w; = Resino;

(ar,a1) = x129 + Y1y + wWyws
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r Non-radial spatial geodesics 1

m distances on the 2-sphere, embedded in R?

r; = Rccoso;coso;
y; = KRgcoso;sinq;
w; = Resino;

(ar,a1) = x129 + Y1y + wWyws

m but also: ,
<3.1,8.1> = R* cos (912.
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r Non-radial spatial geodesics 1

m distances on the 2-sphere, embedded in R?

r; = Rccoso;coso;
y; = KRgcoso;sinq;
w; = Resino;

(ar,a1) = x129 + Y1y + wWyws

m but also: ,
<8.1,8.1> = R* cos (912.

m |a distance in S = arc-length in R?:
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r Non-radial spatial geodesics 1

m distances on the 2-sphere, embedded in R?

r; = Rccoso;coso;
y; = KRgcoso;sinq;
w; = Resino;

(ar,a1) = x129 + Y1y + wWyws

m but also: ,
<8.1,8.1> = R* cos (912.

m |a distance in S = arc-length in R?:

X12 = Rc 012 = Rc cos™ [<317 as) /R%}
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r Non-radial spatial geodesics 1

m positive curvature
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r Non-radial spatial geodesics

m positive curvature

R R sin 8=X; RX

-R
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r Non-radial spatial geodesics 1

m negative curvature
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r Non-radial spatial geodesics

m negative curvature

-R S 1 Rsinh®=x5 p

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 30



r distances on S°® ¢ R* or H? cM* 1
= ( Rc sinh(y;/Rc) k<
M(xi) == X k=

| Resin(vi/Re) k>

o O O
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r distances on S° C R?* or H? cM*

= ( Rc sinh(y;/Rc) k< 0
Y(xi) = X k=0
| Rc sin(x;/Rc) k> 0

- r; = 2(x;)cosd;cosq;
y; = X(x;)cosd;sin q;
zi = X(x;)sino;

( Rc cosh(y;/Rc) k< 0
w; = {0 E = 0
| Rc cos(xi/Rc) k> 0
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distances on S° ¢ R* or H? c M*

[ Rc sinh(x;/Rc)
N(xi) == X

L RC Sin(Xi/Rc)
r; = 2(x;)cosd;cosq;

y; = X(x;)cosd;sin q;

zi = X(x;)sino;

[ Rc cosh(xi/Rc)
0

| Rc cos(xi/Rc)

m metric on S? (or R3 or H?):
(k/|k]) (dz? + dy? + dz?) + dw?

d52:{

dz? + dy? + d2?

k
k
k

7
VoIl A

<
>

-

0
0
0

k
k

/BN
o o

1

Monog: SoU
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r distances on S° C R?* or H? cM*

= ( Rc sinh(y;/Rc) k< 0
Y(xi) =4 X k=0
| Rc sin(x;/Rc) k> 0

- r; = 2(x;)cosd;cosq;
y; = X(x;)cosd;sin q;
zi = X(x;)sino;

( Rc cosh(y;/Rc) k< 0
w; = {0 E = 0
| Rc cos(xi/Rc) k> 0

m inner product:

<a1, 32> =

I N
o o

(k/|k|) (x122 + 11Y2 + 2122) +wiwe  k
T1T2 + Y1Y2 + 2129 k
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r distances on S° C R?* or H? cM* 1

= ( Rc sinh(y;/Rc) k< 0
X(xi) == X k=0
| Rc sin(x;/Rc) k> 0
- r; = 2(x;)cosd;cosq;
y; = X(x;)cosd;sin q;
zi = X(x;)sino;
( Rc cosh(y;/Rc) k< 0
w; = {0 E = 0
| Rc cos(xi/Rc) k> 0
— ( —1 2
Rccosh™ [(ay,as) / RE| E < O
X12 = \/<a1—a2,a1—a2> k= 0
| Rccos™' [{a,as) /RE| k> 0
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r distances on S° C R?* or H? cM* 1

- r; = X(x;)Ccosd;cos q;

y; = 2(x;)cosd;sin q;

([ R cosh(y;/Rc) k< 0
w;, = ¢ 0 E = 0
| Rc cos(xi/Rc) k> 0
= ‘ -1 2
R cosh™ [(ay,as) /RE] k< 0
X12 — \ \/<al — dg, d] — 3.2> kK = 0
| Rccos™'[{a,as) /RE| k> 0

m |a distance in S? is an arc-length in R*
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r distances on S° C R?* or H? cM* 1

- r; = X(x;)Ccosd;cos q;

y; = 2(x;)cosd;sin q;

([ R cosh(y;/Rc) k< 0
w;, = ¢ 0 E = 0
| Rc cos(xi/Rc) k> 0
= ‘ ~1 2
R cosh™ [(ay,as) /RE] k< 0
X12 = 9 \/<a1—a2,al—a2> kEk = 0
| Rccos™'[{a,as) /RE| k> 0

m |a distance in S? is an arc-length in R*

m |a distance in H? is an arc-length in M*
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r distances on S° C R?* or H? cM* 1

- r; = X(x;)Ccosd;cos q;

y; = 2(x;)cosd;sin q;

([ R cosh(y;/Rc) k< 0
w;, = ¢ 0 E = 0
| Rc cos(xi/Rc) k> 0
= ‘ -1 2
R cosh™ [(ay,as) /RE] k< 0
X12 — \ \/<al — dg, d] — 3.2> kK = 0
| Rccos™'[{a,as) /RE| k> 0

m |a distance in S? is an arc-length in R*| arXiv:astro-ph /0102099

m |a distance in H? is an arc-length in M*
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http://arxiv.org/abs/astro-ph/0102099

r Cosmic topology: definitions 1

m 3 intuitive methods
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r Cosmic topology: definitions 1

m 3 intuitive methods

~

m )M = universal covering space
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r Cosmic topology: definitions

m 3 intuitive methods

~

m )M = universal covering space= “apparent space”
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r Cosmic topology: definitions 1

m 3 intuitive methods

~

m )M = universal covering space= “apparent space”

( H? k<0

~

m M =<
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r Cosmic topology: definitions 1

m 3 intuitive methods

~

m )M = universal covering space= “apparent space”

) (H?® k<O
m M =< R k=0
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r Cosmic topology: definitions 1

m 3 intuitive methods

~

m )M = universal covering space= “apparent space”

) ( H? k<0
m M =< R k=0
 S? k>0
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r Cosmic topology: definitions 1

m 3 intuitive methods

~

m )M = universal covering space= “apparent space”

) ( H? k<0
m M =< R k=0
 S? k>0

m T = a group of holonomies (isometries) of M
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r Cosmic topology: definitions 1

m 3 intuitive methods

~

m )M = universal covering space= “apparent space”

) ( H? k<0
m M =< R k=0
 S? k>0

m T = a group of holonomies (isometries) of M

m the 3-manifold
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r Cosmic topology: definitions 1

m 3 intuitive methods

~

m )M = universal covering space= “apparent space”

) ( H? k<0
m M ={ R k=0
 S? k>0

m T = a group of holonomies (isometries) of M

m the |3-space for FLRW cosmology is M = M /T
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r Cosmic topology: definitions

m 3 intuitive methods

~

m )M = universal covering space= “apparent space”

) ( H? k<0
m M ={ R k=0
 S? k>0

m T = a group of holonomies (isometries) of M

m the |3-space for FLRW cosmology is M = M /T

m each of the 3 ways of thinking of A//T" has advantages and
disadvantages
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r Cosmic topology: definitions

m 3 intuitive methods

~

m )M = universal covering space= “apparent space”

) ( H? k<0
m M ={ R k=0
 S? k>0

m T = a group of holonomies (isometries) of M

m the |3-space for FLRW cosmology is M = M /T

m each of the 3 ways of thinking of A//T" has advantages and
disadvantages

m fundamental domain (FD) is not unique;
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r

Cosmic topology: definitions

3 intuitive methods

~

M

~

M

= universal covering space= “apparent space’
(B k<O
=<¢ R k=0
 S? k>0

I' = a group of holonomies (isometries) of M

the

each of the 3 ways of thinking of A//T" has advantages and

3-space for FLRW cosmology is M = M /T

disadvantages

1

fundamental domain (FD) is not unique; shape of FD may be
non-unique

Monog: SoU
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Cosmic topology: definitions

3D flat examples arXiv:astro-ph/9901364

1

Monog: SoU
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http://arxiv.org/abs/astro-ph/9901364

r Cosmic topology: definitions 1
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r Cosmic topology: definitions 1

size of universe:

m r_ : biggest sphere inside
FD
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r Cosmic topology: definitions

size of universe:

m r_ : biggest sphere inside
FD

m r, : smallest sphere con-
taining FD
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r Cosmic topology: definitions

size of universe:

m r_ : biggest sphere inside
FD

m r, : smallest sphere con-
taining FD

m 27y, - smallest closed spatial
geodesic

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 33



r Cosmic topology: definitions

size of universe:

m r_ : biggest sphere inside
FD

m r, : smallest sphere con-
taining FD

m 27y, - smallest closed spatial
geodesic

1/3
n VFI/) volume cube root
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Cosmic topology: definitions 1

size of universe:

r_ : biggest sphere inside
FD

r, : smallest sphere con-
taining FD

2715 : smallest closed spatial
geodesic

1/3
VFI/) volume cube root

r_ < r, always
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r Cosmic topology: definitions 1

size of universe:

m r_ : biggest sphere inside
FD

m r, : smallest sphere con-
taining FD

m 27y, - smallest closed spatial
geodesic

1/3
n VFI/) volume cube root

mr_ <r, always

1/3
BTy < T OF Ty K VF[/)

possible
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r Families of const k 3-spaces 1

m flat 3-spaces: 18
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r Families of const k 3-spaces 1

m flat 3-spaces: 18

[1 some finite,
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r Families of const k 3-spaces 1

m flat 3-spaces: 18

0 some finite, e.g. T?,
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r Families of const k 3-spaces 1

m flat 3-spaces: 18

0 some finite, e.g. T3, some infinite,
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r Families of const k 3-spaces 1

m flat 3-spaces: 18

0 some finite, e.g. T3, some infinite, e.g. R?
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http://arxiv.org/abs/0705.4325

r Families of const k£ 3-spaces

m flat 3-spaces: 18

0 some finite, e.g. T3, some infinite, e.g. R?

m spherical: arXiv:gr-qc/0106033 Gausmann et al.
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r Families of const k£ 3-spaces

m flat 3-spaces: 18

0 some finite, e.g. T3, some infinite, e.g. R?

m spherical: arXiv:gr-qc/0106033 Gausmann et al.

0 S?/I'—countably infinite set of 3-spaces
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r Families of const k£ 3-spaces

m flat 3-spaces: 18

0 some finite, e.g. T3, some infinite, e.g. R?

m spherical: arXiv:gr-qc/0106033 Gausmann et al.

0 S?/I'—countably infinite set of 3-spaces
0 all finite (“compact”)
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r Families of const k£ 3-spaces

m flat 3-spaces: 18

0 some finite, e.g. T3, some infinite, e.g. R?

m spherical: arXiv:gr-qc/0106033 Gausmann et al.

0 S?/I'—countably infinite set of 3-spaces
0 all finite (“compact”) = I' = finite group

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 34


http://arxiv.org/abs/gr-qc/0106033
http://arxiv.org/abs/0705.4325

r Families of const k£ 3-spaces

m flat 3-spaces: 18

0 some finite, e.g. T3, some infinite, e.g. R?

m spherical: arXiv:gr-qc/0106033 Gausmann et al.

0 S?/I'—countably infinite set of 3-spaces
0 all finite (“compact”) = I' = finite group
0 completely classified (Threlfall & Seifert 1930)
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http://arxiv.org/abs/0705.4325

r Families of const k£ 3-spaces
m flat 3-spaces: 18

0 some finite, e.g. T3, some infinite, e.g. R?

m spherical: arXiv:gr-qc/0106033 Gausmann et al.

0 S?/I'—countably infinite set of 3-spaces

0 all finite (“compact”) = I' = finite group

0 completely classified (Threlfall & Seifert 1930)
0 S°, S°%/7Zs,
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m flat 3-spaces: 18

0 some finite, e.g. T3, some infinite, e.g. R?

m spherical: arXiv:gr-qc/0106033 Gausmann et al.

S3 /T—countably infinite set of 3-spaces
all finite (“compact”) = I' = finite group
completely classified (Threlfall & Seifert 1930)

S3, 5% /Z,, lens spaces ,“well-proportioned” spaces, ...

1 OO 0O OO 0O

w:Poincaré Conjecture “Every simply connected, closed
3-manifold is homeomorphic to the 3-sphere.”
w:Grigori Perelman, arXiv:math/0211159 +
arXiv:math /0303109 + arXiv:math/0307245
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m spherical: arXiv:gr-qc/0106033 Gausmann et al.

0 S?/I'—countably infinite set of 3-spaces
0 all finite (“compact”) = I' = finite group
0 completely classified (Threlfall & Seifert 1930)

0 S°, S3/Z,, lens spaces ,"“well-proportioned” spaces, ...

m hyperbolic:

[0 countably infinite superset known

[1 some finite, some infinite

[0 active research area, e.g. arXiv:0705.4325 min. vol.

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D |

23 May 2014 — 34


http://arxiv.org/abs/gr-qc/0106033
http://arxiv.org/abs/0705.4325

r Cosmic topol: top. accel. 1

m cosmic topology theory:

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 35



r Cosmic topol: top. accel. 1

m cosmic topology theory:

m either very theoretical (quantum gravity)

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 35



r Cosmic topol: top. accel.

m cosmic topology theory:
m either very theoretical (quantum gravity)

m or very simple (topological acceleration)

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 35



r Cosmic topol: top. accel. 1

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dy, | M /T & obs 3D 2D | 23 May 2014 - 36


http://arxiv.org/abs/astro-ph/0602159

r Cosmic topol: top. accel. 1

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dy, | M /T & obs 3D 2D | 23 May 2014 - 36


http://arxiv.org/abs/astro-ph/0602159

r Cosmic topol: top. accel. 1

. m 1 1
h ‘GFGm[(L—x)f(Lw)?]
m  4Gm x
¥ Ot

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dy, | M /T & obs 3D 2D | 23 May 2014 - 36


http://arxiv.org/abs/astro-ph/0602159

(-
<E>
(-

L=X L+x ,
m 1 1
"R ‘GWGm[(L—x)?‘(mx)?]
m  4Gm x
et

jiresid X (CU/L)l -+ ...

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 - 36


http://arxiv.org/abs/astro-ph/0602159

(-
<:€>
(-

L=X L+x ,
m 1 1
Lo Gt [(L—xw B <L+x>2]

_G%+4Gm£
X

Q

ji'resid X (CU/L)l -+ ...

topological acceleration—arXiv:astro-ph /0602159

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 - 36


http://arxiv.org/abs/astro-ph/0602159

r Cosmic topol: obs. strategies 1
empirical strategies: arXiv:astro-ph /0010189

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 37


http://arxiv.org/abs/astro-ph/0010189

r Cosmic topol: obs. strategies 1
empirical strategies: arXiv:astro-ph /0010189

A. multiple topological images:

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 37


http://arxiv.org/abs/astro-ph/0010189

r Cosmic topol: obs. strategies 1
empirical strategies: arXiv:astro-ph /0010189

A. multiple topological images:

A.i 3D (grav collapsed objects):

Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 37


http://arxiv.org/abs/astro-ph/0010189

r Cosmic topol: obs. strategies 1
empirical strategies: arXiv:astro-ph /0010189

A. multiple topological images:

A.i 3D (grav collapsed objects):

A.i.1 local isometries—collect “type | pairs” or “local pairs”
(pair types)
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A.i.3 successive filters (obs)
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empirical strategies: arXiv:astro-ph /0010189

A. multiple topological images:

A.i 3D (grav collapsed objects):

A.i.1 local isometries—collect “type | pairs” or “local pairs”
(pair types)

A.i.2 cosmic crystallography—collect “type |l pairs’ or
“holonomy pairs”

A.i.3 successive filters (obs)
A.i.4 characteristics of individual objects—(PESEL method)
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A. multiple topological images:

A.ii 2D (e.g. microwave background = CMB):
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A. multiple topological images:

A.ii 2D (e.g. microwave background = CMB):
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A.ii.2 identified circles principle, (obs)

A.ii.3 matched discs corollary
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A.ii 2D (e.g. microwave background = CMB):
A.ii.1 cutoff of large-scale power [also 3D] (obs)
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r Cosmic topol: obs. strategies

A. multiple topological images:

A.ii 2D (e.g. microwave background = CMB):
A.ii.1 cutoff of large-scale power [also 3D] (obs)

A.ii.2 identified circles principle, (obs)

A.ii.3 matched discs corollary
A.ii.4 patterns of spots
A.ii.5 perturbation statistics assumptions

B. other:
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r Cosmic topol: obs. strategies

A. multiple topological images:

A.ii 2D (e.g. microwave background = CMB):
A.ii.1 cutoff of large-scale power [also 3D] (obs)

A.ii.2 identified circles principle, (obs)

A.ii.3 matched discs corollary
A.ii.4 patterns of spots
A.ii.5 perturbation statistics assumptions

B. other:

B.1 cosmic strings
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r Cosmic topol: obs. strategies

A. multiple topological images:

A.ii 2D (e.g. microwave background = CMB):
A.ii.1 cutoff of large-scale power [also 3D] (obs)

A.ii.2 identified circles principle, (obs)

A.ii.3 matched discs corollary
A.ii.4 patterns of spots
A.ii.5 perturbation statistics assumptions

B. other:

B.i cosmic strings

B.ii topological acceleration
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Type | pairs = local pairs or n-tuples
Type Il pairs = fundamental length pairs
PSH = pair separation histogram
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r 3D strategies—history 1

m quasar—galaxy alignments, Fagundes (1985)
ADS:1985ApJ...291..450F;
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r 3D strategies—history 1
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m opposite QSO pairs: Demianski & Lapucha (1987);
Fagundes & Wichoski (1987)
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r 3D strategies—history

m quasar—galaxy alignments, Fagundes (1985)
ADS:1985ApJ...291..450F;

m opposite QSO pairs: Demianski & Lapucha (1987);
Fagundes & Wichoski (1987)

m type Il pair collection: “cosmic crystallography ' —Lehoucq,
Lachiéze-Rey, Luminet (1996) arXiv:gr-qc/9604050
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3D strategies—history

quasar—galaxy alignments, Fagundes (1985)
ADS:1985ApJ...291..450F;

opposite QSO pairs: Demianski & Lapucha (1987);
Fagundes & Wichoski (1987)

type |l pair collection: “cosmic crystallography " —Lehoucq,

Lachiéze-Rey, Luminet (1996) arXiv:gr-qc/9604050

type | pair or n-tuple collection: Roukema (1996)
arXiv:astro-ph /9603052
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r 3D strategies—history 1

m quasar—galaxy alignments, Fagundes (1985)
ADS:1985ApJ...291..450F;

m opposite QSO pairs: Demianski & Lapucha (1987);
Fagundes & Wichoski (1987)

m type Il pair collection: “cosmic crystallography ' —Lehoucq,
Lachiéze-Rey, Luminet (1996) arXiv:gr-qc/9604050

m type | pair or n-tuple collection: Roukema (1996)
arXiv:astro-ph /9603052

m “type |, type II" terminology: Lehoucq, Luminet, Uzan (1999)
arXiv:astro-ph /9811107
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m quasar—galaxy alignments, Fagundes (1985)
ADS:1985ApJ...291..450F;

m opposite QSO pairs: Demianski & Lapucha (1987);
Fagundes & Wichoski (1987)

m type Il pair collection: “cosmic crystallography ' —Lehoucq,
Lachiéze-Rey, Luminet (1996) arXiv:gr-qc/9604050

m type | pair or n-tuple collection: Roukema (1996)
arXiv:astro-ph /9603052

m “type |, type II" terminology: Lehoucq, Luminet, Uzan (1999)
arXiv:astro-ph /9811107

m successive filters: Marecki, Roukema, Bajtlik (2005)
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r 3D strategies—history 1

m quasar—galaxy alignments, Fagundes (1985)
ADS:1985ApJ...291..450F;

m opposite QSO pairs: Demianski & Lapucha (1987);
Fagundes & Wichoski (1987)

m type Il pair collection: “cosmic crystallography ' —Lehoucq,
Lachiéze-Rey, Luminet (1996) arXiv:gr-qc/9604050

m type | pair or n-tuple collection: Roukema (1996)
arXiv:astro-ph /9603052

m “type |, type II" terminology: Lehoucq, Luminet, Uzan (1999)
arXiv:astro-ph /9811107

m successive filters: Marecki, Roukema, Bajtlik (2005)

m quadruples + successive filters + collect membership s of
quadruples Fujii & Yoshii (2013)
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Monog: SoU 0 | FLRW k top 3obs | a(t): EdS Q Rc q v Hor da dr, | M /T & obs 3D 2D | 23 May 2014 — 41



r 3D strategies—pair types 1

m Type | pairs = local pairs or n-tuples

occur for any curvature
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r 3D strategies—pair types

m Type | pairs = local pairs or n-tuples
occur for any curvature

m Type Il pairs = fundamental length pairs
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r 3D strategies—pair types
m Type | pairs = local pairs or n-tuples
occur for any curvature
m Type Il pairs = fundamental length pairs

occur for some flat and spherical cases:
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vr,y, d(z,g(z)) = dy, 9(y))
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r 3D strategies—pair types 1

m Type | pairs = local pairs or n-tuples

occur for any curvature
m Type Il pairs = fundamental length pairs
occur for some flat and spherical cases:

require a holonomy (mapping) g : © — g(x) for which
vr,y, d(z,g(z)) = dy, 9(y))

where d = comoving distance

this defines a: Clifford translation

m Clifford translation examples: T?: yes: S?: rotations = no; S°: pair
of orthogonal rotations = possible
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r AGNs—successive filters 1

Marecki, Roukema, Bajtlik (2005) arXiv:astro-ph/0412181

m method valid for T3:

m [ype |l pairs +
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r AGNs—successive filters 1

Marecki, Roukema, Bajtlik (2005) arXiv:astro-ph/0412181

m method valid for T?:

m [ype |l pairs +

m vectorial filter (= require type | pairs) +
m Ot filter—short QSO lifetimes +

m anti-selection effect filter
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r AGN Catalogues

gmoed range: 2000 — L0000
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AGN Catalogues

Pasitions of abjects on matched discs (weighted cleaned data)
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r AGN Catalogues 1

Marecki et al. (2005) main results:

e AGN short lifetimes = redshift filter to improve S/N

e application to large AGN catalogue compilation revealed apparent
signals

e closer analysis = these are selection effects

e no signal found in compilation of radio-loud AGNs (RLAGNs)
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r AGNs—successive filters 1
Fujii & Yoshii (2013) arXiv:1103.1466

m method valid for compact flat spaces:
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Fujii & Yoshii (2013) arXiv:1103.1466

m method valid for compact flat spaces:

m pairs of Type |l pairs = quadruples +
m require type | pairs , i.e. require:

0 translations (= vectorial filter), or
00 half-turn corkscrew motion and glide reflection, or

O n-th—turn corkscrew motion, n € {4,3,6}
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r AGNs—successive filters 1
Fujii & Yoshii (2013) arXiv:1103.1466

m method valid for compact flat spaces:

m pairs of Type |l pairs = quadruples +
m require type | pairs (2nd filter) +

m Ot filter—short QSO lifetimes +

m collect n-tuples:

m each i-th object € s; quadruples

m plot histogram of frequency of s values
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r AGNs—successive filters 1
Fujii & Yoshii (2013) arXiv:1103.1466

m method valid for compact flat spaces:

m pairs of Type |l pairs = quadruples +
m require type | pairs (2nd filter) +

m Ot filter—short QSO lifetimes +

m collect n-tuples:

m each i-th object € s; quadruples

m plot histogram of frequency of s values
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r AGN Catalogues—successive 1

. filters
15 -
“ 10 -
|
St ) |
A
0 20 40 60 80 100

s (number of quadruples containing a galaxy) simulation of s histogram for

Lyman break galaxies (LBGs) at z ~ 6

green: simply connected; red: T°
ADS:2014MNRAS.437.1096R
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2D methods: structure cutoff

e 3

WMAP 5yr ILC (internal linear combination)
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r The ldentified Circles Principle 1

m discovery of principle: Cornish, Spergel & Starkman (1996)
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r The ldentified Circles Principle 1

m discovery of principle: Cornish, Spergel & Starkman (1996)

m original article only as preprint: arXiv:gr-qc/9602039
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r The ldentified Circles Principle 1

m discovery of principle: Cornish, Spergel & Starkman (1996)
m original article only as preprint: arXiv:gr-qc/9602039

m closed access peer-reviewed article: CQG, 15, 2657 (1998)
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r The ldentified Circles Principle 1
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r The ldentified Circles Principle 1

SLS of (3,1)

SLS of (0,0)
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r The Poincaré Dodecahedral 1
3-Manitfold

:_—\\‘_l m FD = positively curved do-

decahedron
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r The Poincaré Dodecahedral 1
3-Manitfold
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decahedron

m covering space is S°
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r The Poincaré Dodecahedral
3-Manitfold

m FD = positively curved do-
decahedron

m covering space is S°

m 120 copies of FD tile (ex-
actly fill) S°
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r The Poincaré Dodecahedral
3-Manitfold

m FD = positively curved do-
decahedron

m covering space is S°

m 120 copies of FD tile (ex-
actly fill) S°

m Luminet et al. (2003):
S3/I* favoured by WMAP

statistics
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r Optimal cross-correlation method 1

m extension to identified circles principle:
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r Optimal cross-correlation method 1

m for a given manifold, e.g. S?/I*:
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r Optimal cross-correlation method 1

m for a given manifold, e.g.

X

PDSfalse

S3/T*:
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r Optimal cross-correlation method 1

m for a given manifold, e.g. S?/I*:
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r Optimal cross-correlation method 1

m for a given manifold, e.g. S?/I*:

m prediction: 3 solution (I, 5,80, a, ¢ = £36°) where
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r Optimal cross-correlation method 1

m for a given manifold, e.g. S?/I*:
m prediction: 3 solution (I, 5,80, a, ¢ = £36°) where
m {o(r S4h™! Gpe) ~ Ea(r S4h™1 Gpe) (cf EA(WMAP))

m search for best solution with Monte Carlo Markov Chain

m allow arbitrary ¢ so that accidental correlations are likely to give an
invalid value ¢ # £36°
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r WMAP + Poincaré S°/I* 1
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WMAP + Poincaré S°/I*
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WMAP + Poincaré S°/I*
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r WMAP + Poincaré S°/I* 1
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r WMAP + Poincaré S°/I* 1
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r WMAP + Poincaré S°/I*

P n o’ Jfa> Q° 0?@
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